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1. INTRODUCTION 
c y  
$ Advanced supersonic aircraft, flying at Mach numbers as high 
\ 
1 as. 3.5, might  cruise  at  altitudes  up  to 80,000 feet. The problem 
ii . 
.I of maintaining  altimetry  errors  within  the  stringent  requirements 
for1,OOO-or 2,000-foot  vertical  separations,  at  these  speeds  and 
extreme  altitude,  requires an examination of altimetry  system 
requirements  and  capability. 1 
The  concern of pilots  and  airline  operators  regarding  verti- 
cal  ssparation  requirements  at  supersonic  speeds  was  voiced  at 
the A I M  6th  Aerospace  Science MeetingY2 based on the  inadequacies 
of  todays  altimetry  systems. Aiken,' at  the  same  meeting,  cited 
the  need for  order  of  magnitude  improvement  in  atmospheric  pres- 
sure  determination. 
Gracey3  evaluated 11 altitude-measuring  systems  for  aircraft 
based on measurements of gravity,  acceleration,  atmospheric 
pressure  and  density,  cosmic-ray  and  magnetic-field  intensities, 
capacitance,  and  radio  and  sound-wave  propagation.  Each of the 
methods was evaluated  primarily  for  the  high-speed,  high-altitude 
cruise  condition  with  1000-foot  separations  up  to 70,000 feet. 
From  this  evaluation,  it  was  concluded  that  only  the  most ac- 
curate  of  the  full-range  pressure-measuring  instruments,  the 
static-pressure  compensator-computer  system,  meets  the &250- 
foot  system  accuracy  requirement  for  these  conditions. 
A t  t h e s e  a l t i t u d e s ,  t h e  s l o w  r e s p o n s e  o f  a pressure probe 
c o u l d  r e s u l t  i n  l a r g e  h e i g h t  d e v i a t i o n s  f o r  a n  a i r c r a f t .  To 
meet such responserequirements,  a hybrid a l t imeter  system com- 
b in ing  an ine r t i a l  system with the pressure probe could ut i l ize  
t h e  fas t  r e sponse  capab i l i t i e s  o f  t he  ine r t i a l  sys t em and low 
f requency  capabi l i t i es  of  the  barometr ic  sys tem.  4-7 The poten- 
t i a l  advantages of a hybrid al t imetry system are explored in  t h e  
present   s tudy.  
In  the  hybr id  sys tem tha t  i s  s t u d i e d ,  t h e  v e r t i c a l - a c c e l e r a t i o n  
s i g n a l  from an i n e r t i a l  p l a t f o r m  i s  combined with the barometr ic  
pressure s ignal  f rom a pressure probe through a second-order 
f i l t e r  t o  p r o v i d e  an improved estimate of barometric height.  
The h e i g h t  e r r o r  f o r  a r ep resen ta t ive  supe r son ic  a i rp l ane  us ing  
a hybr id  a l t imeter  in  combina t ion  wi th  an  au topi lo t  and  e leva tor  
control  system i s  computed. 
The height error depends on a number of  fac tors ,  such  as 
a i rp l ane  speed ,  ae rodynamic  coe f f i c i en t s ,  d i s t r ibu t ion  o f  mass, 
a1 t imeter   parameters ,   control   .parameters  , and atmospheric 
c h a r a c t e r i s t i c s .  The present   s tudy  examines  the  effect   of   pres-  
s u r e - p r o b e  c h a r a c t e r i s t i c s ,  i n e r t i a l  s y s t e m  c h a r a c t e r i s t i c s ,  
hybr id  log ic  parameters ,  and  au topi lo t  ga ins  for  an a i r c r a f t  i n  
representat ive atmospheric  turbulence , t empera ture   var ia t ions  , 
and v a r i a t i o n  i n  t h e  h e i g h t  of t h e  i s o b a r i c  s u r f a c e s .  The 
hybrid system i s  s t u d i e d  f o r  a r ep resen ta t ive  supe r son ic  j e t  
transport  weighing 388,000 l b  a n d  c r u i s i n g  a t  Mach 3 . 5  a t  an 
a l t i t u d e  o f  77,800 f e e t .  
1 - 2  
Piggott8 examined the effect  of atmospheric turbulence on 
t h e  f l i g h t  t e c h n i c a l  e r r o r  f o r  j e t  t ranspor t s  having  a per fec t  
alt.imeter. For a supe r son ic  a i rp l ane  in  c ru i se  a t  Mach 2 . 2  and 
60,000 f ee t ,  t h e  30 h e i g h t  e r r o r  was computed t o  b e  o n l y  2.4 
f e e t .  For representa t ive   subsonic  j e t  t ransports ,   he   found  the 
computed h e i g h t  e r r o r  t o  b e  two orders  of magnitude less than 
the   e r rors   measured .  From t h e  la t ter  comparison,  Piggott  con- 
c luded  tha t  a tmospher ic  tu rbulence ,  exc luding  such  ef fec ts  as 
waves,  large updrafts,  and wind shears ,  does not  make a s i g n i f i -  
c a n t  c o n t r i b u t i o n  t o  t h e  a i r c r a f t  a l t i t u d e - h o l d  e r r o r ,  b u t  t h a t  
t he  accu racy  to  which t h i s  c o n t r i b u t i o n  c a n  be ca l cu la t ed  i s  
l imi t ed  by the  l ack  o f  adequa te  r ep resen ta t ion  o f :  t he  p i lo t  
o r  a u t o p i l o t ,  t h e  s t a t i c  p r e s s u r e  a l t imeter ,  and  components  of 
turbulence that  cannot  be represented by the  spec t ra l  method.  
I n  t h i s  r e p o r t ,  t h e  e f f e c t  o f  t h e  p r e s s u r e  p r o b e  l a g  is 
s tud ied  a long  wi th  b i a s  and  sens i t i v i ty  e r ro r s  in  the barometr ic  
and iner t ia l   systems.   In   a tmospheric   turbulence  or   temperature  
v a r i a t i o n s ,  t h e  a l t i t u d e  e r r o r  due t o  probe lag i s  reduced two 
orders of magnitude by the  hybr id  iner t ia l -barometr ic  sys tem,  
and it is  essent ia l ly  independent  of  the  va lue  of  the  hybr id  
logic  parameter ,  as long as the parameter i s  chosen so t h e  
resu l t ing  sys tem i s  s t a b l e .  The 30 he igh t  e r ro r  due t o  probe 
l a g  i s  computed t o  b e  less than  one  foot  wi th  the  hybr id  
alt imeter system. 
1 - 3  
The predominant alt imeter errors are t h e  s t a t i c  e r r o r  o f  
the pressure probe and t h e  b i a s  a n d  s e n s i t i v i t y  e r r o r s  of t h e  
ine r t i a l  sys t em.  The probe  e r ror  essent ia l ly  resul ts  i n  a b i a s  
e r r o r  i n  a l t i t u d e .  The e f f e c t  o f  t h e  e r r o r s  o f  t h e  i n e r t i a l  
system upon the  a l t i t ude  e r ro r  depends  upon the  va lue  of  the  
parameters  of  the  hybrid  system  logic.  It i s  shown how t h e  
parameters  can be var ied to  minimize the resul tant  a l t i tude 
e r r o r .  
1 - 4  
2 .  ALTIMETRY SYSTEM 
2 .1' ALTIMETRY 
Maintaining an a i r p l a n e  a t  c o n s t a n t  a l t i t u d e  r e q u i r e s  b o t h  
an accurate  measurement of t h e  a l t i t u d e  and accurate  control  
o f  t he  a i r c ra f t  l ong i tud ina l  mo t ion .  The term "system e r ro r "  
has been used to designate the errors involved in the measure- 
ment, and the term "flight-technical-  error".  has been employed t o  
inc lude  the  remain ing  er rors  in  main ta in ing  a l t i tude .  
Gracey' has  def ined  the  a l t imet ry  e r rors  for  a barometric 
a l t imetry system as fol lows:  
I n s t r u m e n t  e r r o r :  S t a t i s t i c a l  sum of   the   e r rors  due t o  
the mechanical imperfection of t h e  a l t i m e t e r  ( i . e . ,  s c a l e  
o r   d i aphragm,   hys t e re s i s ,   d r i f t ,   f r i c t ion ,   t empera tu re ,  
i n s t ab i l i t y  and  back la sh )  and t h e  e r r o r s  due t o  r e a d a b i l i t y  
( a l t i t u d e  and  barometr ic -se t t ing  sca les ) .  
S t a t i c - p r e s s u r e   e r r o r :  The d i f f e rence  between  free-stream 
s t a t i c  p r e s s u r e  and the  p re s su re  r eg i s t e red  by t h e  a i r c r a f t  
s t a t i c -p res su re  sou rce  ( s t a t i c -p res su re  tube  o r  fuse l age  
v e n t ) ;  f o r  a g i v e n  a i r p l a n e ,  t h e  s t a t i s t i c a l  sum of the  
f i x e d  e r r o r  ( t h e  e r r o r  a p p l i c a b l e  t o  t h e  a i r c r a f t  t y p e )  
and the  va r i ab le  e r ro r  ( the  p robab le  depa r tu re  of the 
a c t u a l  e r r o r  from t h e  f i x e d  e r r o r ) .  
F l i g h t  t e c h n i c a l  e r r o r :  Random devia t ions  of  an  a i rp lane  
from i t s  c r u i s e  f l i g h t  level. 
System e r r o r :  S t a t i s t i c a l  sum of the  ins t rument  e r ror  and 
t h e  s t a t i c - p r e s s u r e  e r r o r .  
A l t ime t ry  e r ro r :  Stat is t ical  sum of the system error  and 
t h e  f l i g h t  t e c h n i c a l  e r r o r .  
2 - 1  
- cr: Standard  deviat ion of an e r r o r .  
- 30: Probable maximum value  of an e r ro r   o r   t he   va lue   hav ing  
a p robab i l i t y  of 99.7%. 
Figure 2 . 1  g raph ica l ly  shows t h e  way the instrument  error  
and t h e  s t a t i c - p r e s s u r e  e r r o r ,  which comprise the system error 
f o r  a barometric system, combine w i t h  t h e  f l i g h t  t e c h n i c a l  
e r ro r  t o  g ive  the  a l t ime t ry  e r ro r .  These  e r ro r s  have  been 
under extensive study by cognizant Government a g e n c i e s  i n  t h i s  
country and a b r o a d  i n  o r d e r  t o  s e t  a i r c r a f t  s e p a r a t i o n  s t a n d a r d s  
and main ta in  f l igh t  sa fe ty  requi rements  faced  wi th  the  rap id ly  
growing a i r  t r a f f i c .  The inves t iga t ion   of   these   e r rors   for  
current  commercial  je t  a i rcraf t  has  been reported by Gracey 
and o t h e r s .  
9 
Pressure alt imetry has been the standard method of measur- 
i n g  a l t i t u d e .  A s  a consequence,   the   def ined  a l t i tude  for  a i r -  
c r a f t  i s  t h e   p r e s s u r e   a l t i t u d e   ( f l i g h t   l e v e l ) .   T h e r e f o r e ,   a n  
a i r c r a f t  f l y i n g  i n  a l t i t u d e - h o l d  mode is  ac tua l ly .  f ly ing  a long  
an  i sobar ic  sur face .  A s  noted  during B-70  f l i g h t s ,  a supersonic 
a i rp l ane  f ly ing  i soba r i c  su r faces  a t  h igh  a l t i tudes  can  be  
climbing or diving a t  a s i g n i f i c a n t  r a t e  i n  t e r m s  of " tape- l ine"  
a l t i t ude .  Neve r the l e s s ,  p re s su re  a l t i t ude  w i l l  probably  be  the 
a i r - t r a f f i c  c o n t r o l  s t a n d a r d  f o r  many yea r s ,  s o  pressure a l t i -  
tude w i l l  be  employed as the  a l t i t ude  nav iga t ion  r e fe rence  fo r  
the hybrid al t imeter  system studied in  t h i s  r e p o r t .  
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Fig .  2 . 1 .  Pressure  Alt imetry  Errors  (From Reference 9 )  
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A hybr id  a l t imeter  i s  s u b j e c t  t o  t h e  a d d i t i o n a l  e r r o r s  i n  
a l t i t u d e  stemming from t h e  i n e r t i a l  s y s t e m  e r r o r s  and log ic  
e r rors .  These  e r rors  w i l l  also be included in the term "system 
e r ro r s . "  The d e f i n i t i o n  t h a t  w i l l  be used for system error 
of the hybrid system w i l l  be: 
System e r r o r :  S t a t i s t i c a l  sum o f  the  p re s su re  a l t i t ude  
measurement e r r o r s  due t o  t h e  b a r o m e t r i c  s y s t e m ,  i n e r t i a l  
system, and the logic unit .  
Throughout t h i s  r e p o r t  t h e  3 0  e r r o r  o r  t h e  99.7% proba- 
b i l i t y  v a l u e  w i l l  be used, unless otherwise indicated.  
A p re s su re  e r ro r  6p w i l l  be  in te rpre ted  in  te rms  of height 
e r r o r  6h using the ARDC 1959 Standard Atmosphere and assuming 
a l i n e a r  r e l a t i o n s h i p  
where (?& i s  obtained from the standard atmospheric tables.  10  
atmos 
Curves of 6h fo r  ccns t an t  6p a r e  p re sen ted  in  F ig .  2 . 2 ,  where 
each curve i s  i d e n t i f i e d  by t h e  a l t i t u d e  e r r o r  a t  35,000 ft. 
For example, a pressure error  of  30 f t   a t  an al t i tude of  35,000 
f t  i s  a pressure error  of  256-f t  a t  80,000 f t .  
2 .2  BAROMETRIC SUBSYSTEM 
The es t imate  of  e r rors  for  a barometric system on a super- 
sonic  a i rp lane  w i l l  be based i n  p a r t  upon e r ro r  va lues  measured 
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for   subsonic   t ranspor t s .   These   e r rors  are l i s t e d  i n  t h e  f i r s t  
two columns of Table 2 .I. 
Ins t rument   e r ror .  In  1960 ,   t he   In t e rna t iona l  A i r  Transport  
Association'' (IATA) a s s e s s e d  t h e  v e r t i c a l  s e p a r a t i o n  s t a n d a r d s  
f o r  a i rc raf t  equipped with precis ion alt imeters or  ins t ruments  wi th  
bet ter   performance.  The in s t rumen t   e r ro r ,   f o r   an   a l t i t ude   o f  
40,000 f t ,  was e s t ima ted  to  be  249 f t .  I n  the  fo l lowing  year ,  the  
in s t rumen t  e r ro r  fo r  p rec i s ion  a l t ime te r s  was est imated hy  t h e  
In t e rna t iona l  C iv i l  Av ia t ion  Organ iza t ion  ( ICAO)  t o  be  132 f t  a t  
40,000 f t  . 
The instrument  and display error  f o r  subsonic j e t s  with an 
a i r  data computer i s  reported by Boeing sources12 to be 75 f t  a t  
Mach 0.85  and  35,000 f t .  T h i s  r e p r e s e n t s  a reasonable  improve- 
ment in  technology for  the  in te rvening  t ime per iod  over  the  ICAO 
es t imate .  
If the   i n s t rumen t   e r ro r   i n  terms of   p ressure ,  'Pins t ' a t  a l l  
a l t i tudes  remains  a f ixed  percentage  of  the  fu l l - sca le  reading ,  
then  the  ins t rument  e r ror  6hinst can read i ly  be  e s t ima ted  fo r  
a l l  a1.ti.tudes  using Eq. ( 2 . 1 )  
Ext rapola t ion  of  the  75- f t  e r ror  Boeing  ind ica tes  for  cur ren t  
j e t  a i r c r a f t  would give an e r r o r  f o r  a Mach-3.5 a i r c r a f t  a t  
77,800 f t  o f  565 f t .  This i s  l a rge .  
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TABLE 2.1 
ALTIMETRY 3 a  ERRORS (FT) FOR JET TRANSPORTS 
Error  
Instrument  error  
IATA est imate  
ICAO es t imate  
( 2  / 6 1 )  
B oe ing 
0.010 i n .  H g .  
S t a t i c  p re s su re  e r ro r  
IATA 
ICAO 
B oe ing 
NASA, with 
correct   ions  
F l igh t  technica l  e r ror  
ICAO, present 
ob j ec t ive  
NASA, au top i lo t  
Boeing,  autopilot  
Al t imet ry  e r ror  
IATA 
Boeing (c ( 3 0 ~ )  )
i 
2 1 / 2  
Current 
Subsonic 
Transports 
T 
5 , 000 
f t .  
75 
30 
250 
2 50 
116 
250 
365 
__ 
I O ,  001 
f t  0 
249 
132 
2 64 
500 
325 
:225'k 
6 18 
48 7 
Estimates for Future 
Supersonic Transports 
= 2 . 7 / 6 5 , 0 0 0  f t .  T 
Scaled Fron 
201. 1 or  2 
~~ 
310 
2550 
795 
2700 
kt .  b> 
Boeing 
1 3 5  
335-47: 
!50-35( 
t40-601 
M = 3 . 5 / 8 0 , 0 0 0  f t .  
Scaled Fron 
Col .  1 o r  2 
565(77,800)  
230(77,800)  
4270 
2000 
,985 
3205 
2420 
Scaled From 
Col. 4 
250(77,800)  
565-800 
325-455 
705-960 
*Non-Gaussian d i s t r i b u t i o n  
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The Boeing source12 has estimated that the instrument 
e r r o r  f o r  t h e  Mach-2.7 SST a t  65,000 f t  w i l l  be  135 f t .  To 
compare th i s  e r ro r  t o  the  e r ro r  expe r i enced  wi th  p re sen t  equ ip -  
ment,  the 75-ft  error for present equipment i s  ex t rapola ted  
t o  65,000 f t  a l t i t u d e ,  where t h e  e r r o r  would be 310 f t .  T h i s .  
means tha t  the  ins t rument  e r ror  for  the  Mach-2.7 SST i s  pro- 
j e c t e d  t o  be half  of  the present  error .  A t  t h e  a l t i t u d e  o f  
77,800 f t ,  t h e  p r o j e c t e d  Mach-2.7 SST instrument error of 135 
f t  e x t r a p o l a t e s  t o  be an er ror  of  250 f t .  
Another basis for estimating how small an instrument  error  
might be achieved with "current technology" i s  t o  use the ac- 
curacy of calibration equipment now in  use  as a guide.  The 
l a t t e r  can be said to represent the current technology for 
fixed-base  equipment,  and,  perhaps,  serves as a reasonable 
c r i te r ion  for  the  accuracy  of  fu ture  opera t iona l  equipment .  
C a l i b r a t i o n  t e s t  equipment  have  been  improved to  the  po in t  
where a v a r i e t y  of prec is ion  barometers  a re  ava i lab le  tha t  per -  
m i t  cal ibrat ions to  be performed to  an accuracy of  0 .005 in .  Hg. , 
o r  5 f t   a t   s e a   l e v e l  13. Allowing for   inaccurac ies  between 
ca l ib ra t ion  po in t s ,  deg rada t ion  wi th  t ime ,  e t c . ,  it seems 
reasonable  to  assume t h a t  t h e  e r r o r  i n  an a i r c r a f t  o p e r a t i o n a l  
u n i t  might  be 0.010 i n .  Hg. A t  77,800 f t ,  t h i s  r e p r e s e n t s  an 
e r ror  of  230 f t ,  o r  a b o u t  e q u a l  t o  t h e  2 5 C - f t  v a l u e  e x t r a p o l a t e d  
from the Boeing SST es t imate .  
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Therefore,  it is concluded that  the instrument e r r o r  f o r  a 
Mach-3.5 SST a t  77,800 f t  i s  565 f t  fo r  cu r ren t  ope ra t iona l  
instruments and is  expected to  be 240 f t  f o r  f u t u r e  o p e r a t i o n a l  
instruments.  
S t a t i c - p r e s s u r e  e r r o r .  The IATA" es t imated  the static- 
p r e s s u r e  e r r o r  f o r  c u r r e n t  j e t  a i r c r a f t  a t  an a l t i t u d e  of 
40,000 f t  t o  be 264 f t .  The ICAO e s t ima ted  the  f ixed  s t a t i c  
p re s su re  e r ro r  t o  be  15  f t  i f  c a l i b r a t i o n  c a r d s  are appl ied 
and t h e  v a r i a b l e  e r r o r  t o  b e  250 f t  a t  a l t i t u d e s  from 30,000 
t o  50,000 f t ,  o r  a combined s t a t i c -p res su re  e r ro r  o f  250 f t .  
This  i s  cons i s t en t  w i th  the  Boeing sources12 who i n d i c a t e  t h e  
s t a t i c - p r e s s u r e  e r r o r  f o r  Mach-0.85 cur ren t  j e t s   a t  35,000 f t  
t o  be 250 f t .  
The e r r o r  a t  h ighe r  a l t i t udes  and  Mach numbers i s  estimated 
by assuming t h a t  t h e  s t a t i c - p r e s s u r e  e r r o r  r e f l e c t s ,  e s s e n t i a l l y ,  
t h e   e r r o r   i n   p r e s s u r e   c o e f f i c i e n t  c The p res su re   coe f f i c i en t  
is def ined by 
P' 
Psp - P 
c =  
P 4 
where p i s  the   p ressure  a t  the  probe  port ,  p i s  the  f ree-s t ream 
pressure,   and q is  t h e  dynamic pressure .  The e r r o r  i n  pressure 
c o e f f i c i e n t ,  6c i s  r e l a t e d   t o   t h e   s t a t i c - p r e s s u r e   e r r o r ,  
SP 
P '  
Qsp , a t  a f ixed  Mach number by 
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I n  terms o f  a i rp l ane  Mach number, M y  t h e  e r r o r  due t o  6c i s  P 
bpsp = 0.7pM 6 c  2 
P 
I n  terms of a l t i t u d e ,  t h e  e r r o r  i s  est imated using E q .  ( 2 . 1 ) ,  
giving 
6h  SP = - &  0. 7ML 6c P 
I n  t h e  s t r a t o s p h e r e ,  s t a r t i n g  a t  about 36,000 f t ,  t he  t empera tu re  
of the standard atmosphere i s  cons tan t ,  so  
giving 
6hsp = 1 4 , 5 0 0  M 6cP 2 
This means t h a t  t h e  a l t i t u d e  u n c e r t a i n t y  due t o  t h e  s t a t i c  
p re s su re  e r ro r  is p r o p o r t i o n a l  t o  Mach number squared. The 
e r ror   o f  250 f t  a t  M = 0.85 i s  equ iva len t   t o  6c = 0 . 0 2 5 ,  A t  
M = 3 . 5 ,  t h i s  6c would g ive  an  e r ror  of  4270 f t .  
P 
P 
S i l sby  and St ickle14 of  NASA measured a va r i ab le  e r ro r  o f  
105 f t  f o r  6 m i l i t a r y  t r a n s p o r t s  a t  35 ,000  f t .  The a i r c r a f t  
were r e l a t i v e l y  new, s o  t h i s  smaller e r r o r  would represent  
what might be obtained in operation a t  high subsonic speeds 
(M = 0 . 8 5 ) .  The discussion by Gracey' i n d k a t e s  t h a t  a reason- 
ab le  es t imate  of  the  f ixed  e r ror  i s  5 0  f t  f o r  s u b s o n i c  j e t  
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a i r c r a f t .  T h i s  g i v e s  a combined s ta t ic  pressure  e r ror  of  116 
f t .  T h i s  6 c  would g ive  an  a l t i t ude  e r ro r  a t  Mach 3.5 of 
2000 f t .  
P 
The Boeing source” has projected a s t a t i c - p r e s s u r e  e r r o r  
f o r  t h e  Mach-2.7 SST of 335 t o  475 f t .  Th i s  co r re sponds  to  an  
e r r o r  6c of 0.0032 t o  0 .0045.   Chaffois15  reported  tes ts  on a 
subsonic-supersonic probe designed for the Mach-2 Mirage I11 
a i r c ra f t  hav ing  a pressure  coef f ic ien t  less  than  0 .01  i n  t h e  
Mach-2 range. The d a t a  s c a t t e r  a s  shown would ind ica t e  the  
probe  might   be  cal ibrated  to   about  bc = 0.002.  Taking i n t o  
account  the errors  due to  ag ing ,  ca l ib ra t ion  p rocedures ,  e t c . ,  
the  da ta  would appear  to  confirm the Boeing es t imate .  Ext ra -  
po la ted  to  Mach 3.5,  t he  Boeing pro jec ted  SST value would give 
565 t o  800 f t .  
P 
P 
It is  concluded  tha t  the  s ta t ic -pressure  e r ror  for  a Mach 
3 .5  SST a t  77,800 f t  i s  2000 f t  based on cur ren t  opera t iona l  
p re s su re  e r ro r s  w i th  subson ic  j e t  t r anspor t s  and 800 f t   f o r  
future  operational  probes.   These  values  are  tabulated i n  
Table 2 . 2 .  
Pressure lag. Rel iab le   da ta  on t h e  p r e s s u r e  l a g  f o r  s t a t i c  
pressure  probes i s  d i f f i c u l t  t o  o b t a i n .  The e r ror  on ly  becomes 
s i g n i f i c a n t  a t  SST a l t i t u d e s ,  s o  it h a s  n o t  b e e n  c r i t i c a l  t o  
t h i s  p o i n t .  
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The pressure  lag  i s  due i n  p a r t  t o  t h e  a c o u s t i c  time for  
pressure waves to  t r ave r se  the  tube  l eng th ,  bu t  i s  expected t o  
be  due  pr imar i ly  to  v iscous  e f fec ts  as t h e  a d d i t i o n a l  air  enters 
( leaves)   the   tube  as the   p ressure  rises ( f a l l s ) .  E s s e n t i a l l y ,  
the  v iscous  lag  would be propor t iona l  to  the  tube  length  and  
inverse ly   p ropor t iona l   to   the   a tmospher ic   p ressure .  The tube 
diameter i s  an impor tan t  fac tor ,  as i s  t h e  chamber s i z e  a t  t h e  
instrument.  
The pressure  lag  i s  d i f f i c u l t  t o  es t imate  i n  genera l  
because it i s  so  highly dependent upon the  par t icu lar  geometry  
of  the  tub ing ,  e tc .  The geometry i s  dependent  upon t h e  
TABLE 2.2 
PROJECTED BAROMETRIC SYSTEM 3a ERRORS (FT) 
FOR PROJECTED MACH-3.5 SST AT 77,800 FT. 
Technology Status 
Current 
Operational Operational 
Future Category 
Instrument  error  565 1 240 
I S t a t i c - p r e s s u r e   e r r o r  I 2000 I 800 
pa r t i cu la r  des ign  method used  to  meet the  s t r ingen t  accu racy  
requirements cited above in the 860°F-stagmation temperature 
environment a t  Mach 3.5.  
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Engineers  at  the  KASA  Flight  Research  Center16  have  pointed 
out  that  pressure  lags  at  high  altitude  may  be  as  great 5 
to 10 seconds  where  the  lag  at  sea  level  is  about 0.1 second. 
The pressure  lag  has  been  scaled  for  altitude  in  Fig. 2.3 
by  assuming  that  lag  is  proportional  to  ambient  viscosity  and 
inversely  proportional  to  pressure.  For  example,  a  lag of 0.2  
second  at  sea  level  would  be 5 seconds  at 77 ,800  ft.  Allowing 
for  other  lags  in  the  pressure  system  due  to  instrumentation, 
air-data  computers,  etc.,  a  nominal  value of 10 seconds  is 
probably  a  representative  delay  time  at 77,800 ft. The lag  is 
assumed  to  be  due  principally  to  viscous  effects, so a  first- 
order  response  is  assumed 
where  pb is the  measured  pressure  without  instrument  or  static- 
pressure  errors,  p  is  the ambient  pressure,  and T the  time 
constant of the  pressure  lag. In terms of  altitude,  the  pres- 
sure  lag  equation  becomes,  using E q .  (2 .l) 
dhb 
7 -  dt + h b = h  
for  the  standard  atmosphere. Here  hb  does  not  include  the 
instrument  and  static  pressure  errors. 
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I sobar ic   sur faces .  A supersonic aircraft  travels so  fas t ,  
that  the problem of  fol lowing an i sobar ic  sur faces  as it  v a r i e s  
i n  t a p e - l i n e  a l t i t u d e  a l o n g  t h e  r o u t e  must be considered. This 
w i l l  be  discussed with reference t o  F i g .  2 .4 .  
The a i r p l a n e  in Fig .  2 .4  i s  a t  a l t i t u d e   h .  It i s  at tempt-  
i n g  t o  f l y  i n  the  a l t i t ude -ho ld  mode a long  the  i sobar ic  sur face  
(p = po) which i s  a he ight  AhI above t h e  p r e s s u r e  a l t i t u d e  ho 
(given by the standard-atmosphere model fo r  t he  p re s su re  p o ) .  
The airplane height  above the isobaric  surface i s  designated Ah. 
The re fo re ,  t he  t ape - l ine  a l t i t ude  h o f  t he  a i rp l ane  is  
A perfect  barometer  system would read the al t i tude hg where 
hg = ho + Ah 
and it is  assumed t h a t  E q .  (2 .1 )  app l i e s ,  s o  
1 
LP Ah = - (P - Po> 
ah atmos 
The barometric system reads hb, which differs from hg  by 
pressure lag and system errors (u)hb 
(2.10) 
2 - 1 5  
(2.11) 
(2.12) 
AIRPLANE PATH 
ISOBARIC SURFACE 
ALTITUDE 
h 
STANDARD-ATMOSPHERE 
ALTITUDE FOR po 
Fig .  2 . 4 .  Sketch Showing Rela t ionship  of  Alt i tude  and 
Barometr ic  Alt i tude 
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Combining Eq . (2.9) and (2.11) gives 
T + % .= ho + Ah + (U)hb dhb (2.13) 
A control  system would t r y  t o  minimize Ah. Therefore ,  the 
barometr ic  s ignal  Ahb would be used where 
The e r r o r  i n  t h i s  s i g n a l ,  6hb, i s  def ined as 
6hb = Ahb - Ah 
and,  from E q .  (2 .13)  i s  e q u a l  t o  
(2.14) 
(2 .15)  
E q .  (2 .15)  g ives   t he   e r ro r   i n   de t e rmin ing   t he   a l t i t ude   dev ia t ion  of  
t h e  a i r c r a f t  from the isobaric surface using the barometric measurement.  
In   Sec.  2 . 3 ,  the   barometr ic  measurement hb i s  used t o  
e s t ima te   t he   a i rp l ane   t ape - l ine   a l t i t ude   h .  Combining E q .  ( 2 . 8 )  
2nd (2.13)  gives 
dhb 
T d t  
+ hb = h - AhI + (u)hb (2.16) 
The e r r o r  i n  t h i s  estimate of t a p e - l i n e  a l t i t u d e  i s  hb - h,  which i s  
(2.17) 
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2 . 3  INERTIAL SUBSYSTEM 
In r ecen t  yea r s ,  i ne r t i a l  nav iga t ion  sys t ems  have been 
widely used in both commercial  and mili tary aircraft .  Their 
appl ica t ion  has ,  for  the  most p a r t ,  been  l imi ted  to  the  de te r -  
mination of t h e  a i r c r a f t ' s  t e r r e s t r i a l  c o o r d i n a t e s ,  l a t i t u d e  and 
long i tude .  Th i s  l imi t a t ion  a r i s e s  from the  we l l  known f a c t  t h a t  
the computat ion of  a l t i tude in  pure iner t ia l  navigat ion systems 
i s  divergent.  1 7  
There are three basic problems encountered in using a 
purely  iner t ia l   system  for   a l t imetry  purposes:  (1) the   spec i f i c  
force input  (def ined below) to  the iner t ia l  system cannot  be 
measured exac t ly ,  ( 2 )  undesired components of the  output  spec i f ic  
f o r c e  s i g n a l  from the  iner t ia l  sys tem cannot  be  exac t ly  compen- 
sa t ed  and (3)  the t ransformation from i n e r t i a l  t o  n a v i g a t i o n a l  
coordinates  cannot  be  precisely  accomplished. When t h e  r e s u l t -  
i n g  v e r t i c a l  a c c e l e r a t i o n  s i g n a l  from t h i s  imperfect system i s  
in t eg ra t ed  tw ice  wi th  r e spec t  t o  t ime  to  ob ta in  change i n   a l t i -  
t ude ,  t he  e r ro r  i n  the  s igna l  p roduces  an e r r o r  i n  a l t i t u d e  
determination which grows i n  an unbounded manner. 
The fo l lowing  d i scuss ion  t r ea t s  t hese  th ree  problems i n  a 
s impl i f i ed  manner and shows the  na tu re  of error  divergence or  
i n s t a b i l i t y  o f  a pu re ly  ine r t i a l  a l t ime t ry  sys t em.  Throughout 
the fol lowing discussion,  the dynamics of t h e  i n e r t i a l  s y s t e m  
component response are  assumed t o  be several  orders of magnitude 
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faster than  the  na tu ra l  r e sponse  f r equenc ie s  o f  t he  a i r c ra f t .  18  
Consequently,  these dynamical effects are neglected.  
Vert ical  Accelerat ion Equat ion.  A schematic of t he  bas i c  
cons idera t ions  involved  in  obta in ing  a v e r t i c a l  a c c e l e r a t i o n  
s i g n . a l  d u r i n g  a i r c r a f t  f l i g h t  i s  shown i n  F i g u r e  2 .5 .  The 
s p e c i f i c  f o r c e  v e c t o r  i n p u t  t o  t h e  i n e r t i a l  s y s t e m ,  f ,  i s  defined 
a s  the  d i f f e rence  between i n e r t i a l  a c c e l e r a t i o n ,  2, and g rav i t a -  
t i o n a l  mass a t t r a c t i o n ,  G 
a .  
f = r - G  
.. 
- (2.18) 
This equation, of course,  i s  w r i t t e n  f o r  a n  i n e r t i a l  r e f e r e n c e  
frame. The i n p u t  i n c l u d e s  a i r c r a f t  e l a s t i c  m o t i o n  a t  the  loca-  
t i o n  o f  t he  ine r t i a l  sys t em as wel l  as  the  r ig id-body acce lera t ion  
o f  t h e  a i r c r a f t .  However, f o r  what follows i t  i s  assumed t h a t  
this  exci ta t ion has  been minimized by proper  locat ion of t he  
ine r t i a l  sys t em or  by some form of compensation. 
The output  f rom the iner t ia l  system - T w i l l  be f plus some 
measurement e r r o r  6f wh-ich i s  brought about purely by the 
inab i l i t y  to  p roduce  a p e r f e c t  i n e r t i a l  s y s t e m .  
N 
f = f + 6 f  
" - ( 2 . 1 9 )  
Note t h a t  t h e  t i l d e  (-) i s  used to  denote  a measured  or 
e s t ima te  quan t i ty .  A s  shown in  Figure  2.5,   the  measured 
s p e c i f i c  f o r c e  is  transformed into geographic coordinates (north- 
east-down) t o  o b t a i n  t h e  v e r t i c a l  component, zD. Compensation 
f o r  t h e  g r a v i t a t i o n a l  f i e l d  and  cen t r i fuga l  acce le ra t ion  e f f ec t s  
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Fig. 2.5. Model of the  Basic  Considerations  Involved  in  Inertial  Altimetry 
i s  t h e n  s u p p l i e d  t o  o b t a i n  t h e  i n e r t i a l l y  measured v e r t i c a l  
acce le ra t ion ,  hi. 
.. 
A d e t a i l e d  development  of  the expression for  specif ic  force 
i n  terms of geographic coordinates and other reference frames i s  
not  intended here .  Such treatment may be  found  elsewhere 
For example,  an expression for the vertical  component ( v e r t i c a l  
taken as being normal t o  t h e  r e f e r e n c e  e a r t h  e l l i p s o i d )  o f  t h e  
spec i f i c  fo rce  i n  geographic  coordinates  can 'be  wri t ten in  the 
f o 1 lowing  manner : 
6,19,20,21 
1 7 , 1 9  
2 .. f = - h -  * 2  z r  L i 2  GD + reX cos L + D (2.20) 
where f D  = v e r t i c a l  component of t he  spec i f i c  fo rce  
GD = v e r t i c a l  component o f  t h e  g r a v i t a t i o n a l  f i e l d  
rL = radius  of  curvature  in  meridian plane 
re = radius  of  curvature  in  comeridian plane 
r = geocentric posit ion vector magnitude 
L = geographic  la t i tude  
X = c e l e s t i a l  l o n g i t u d e  
h = a l t i t u d e  above the  r e fe rence  e l l i p so id  
This i s  t h e  v a l u e  t h a t  would be measured by a perfect system. 
Now the  des i r ed  ou tpu t  o f  t he  ine r t i a l  sys t em,  to  be  used  
.. 
f o r  i n e r t i a l  a l t i m e t r y ,  i s  h ,  t he  geograph ic  a l t i t ude  acce le ra -  
t i o n .  To e x t r a c t   t h i s  from E q .  (2.20), it i s  necessary   to  
determine the value of the  o ther  terms. An est imate  of t he  
v e r t i c a l  a c c e l e r a t i o n  i s  thus obtained by forming the equat ion:  
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.. H N H y2 2- r -  L i 2  
hi = -fD - GD + reX  cos L + - F (2.21) 
where 
h. = inertially  measured  vertical  acceleration 
1 
and, as  before,  the  tilde  is  used  to  denote an stimated  variable. 
As  was  mentioned  previously,  the  vector  output of the 
inertial  system  is  given by E q .  (2.19). Now the  assumption  is 
made  that  in  the  operational  range of  the  instrument  the  error 
in  measurement  can  be  approximated  as  a  linear  function of f: 1 7  - 
sf = (u)f + Af (2.22) 
where (u)f is  the  measurement  uncertainty  that  is  independent 
of  the  specific  force and& is  the  diagonal  scale  factor 
uncertainty  matrix.  Thus E q .  (2.19)  becomes 
- - f = (u)f - + (I - + A)f " (2 23) 
where - I is  the  identity  matrix 
The  specific  force  measurement  must  be  transformed  from 
platform  coordinates  (platform  coordinates  are  aircraft  coor- 
dinates  for  the  strapdown  inertial  system) to geographic 
coordinates,  which  introduces  transformation  errors. The  verti- 
cal  component of this  transformed  specific  force  measurement 
vector, rD, is  used  to  determine  the  vertical  acceleration 
w 
fD = fD + c f  + (u)fD + a  f H D D  (2 24) 
where fD = vertical  component  of  specific  force 
E = transformation  error  angle  (level  error) 
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(u) fD = uncer ta in ty  o f  t he  e f f ec t ive  ve r t i ca l  acce le romete r  
a = v e r t i c a l  component o f  t he  e f f ec t ive  sca l e  f ac to r  
uncer ta in ty  
f H  = hor i zon ta l  spec i f i c  fo rce  
It i s  no ted  tha t  it i s  only  in  cases  where the local  geographic  
frame i s  instrumented by the platform that  (u)fD and aD can be 
assoc ia ted  wi th  a s ingle  instrument .  Thus,  the ver t ical  uncer-  
t a i n t i e s  a r e  te rmed "ef fec t ive"  s ince ,  in  genera l ,  the  e r ror  
cont r ibu t ions  assoc ia ted  wi th  a l l  th ree  ins t ruments  a re  lumped 
i n t o  a s ing le   t e rm.   In   gene ra l ,   t he   e r ro r s ,  E ,  aD,  and  (u)fD 
are time varying and have random components. 
The f i r s t  t e r m  i n  E q .  ( 2 . 2 4 )  i s  given by E q .  ( 2 . 2 0 )  giving 
an expression for  the measured ver t ical  specif ic  force ED 
in  t e rms  o f  t he  a i r c ra f t  mo t ion ,  g rav i t a t iona l  f i e ld  magn i tude ,  
and measurement e r r o r s  
2 
N - 2  2 r f = - h . +  r x cos L + L i 2  D 1 - GD + € f H  + (u) fD 
+ a ~ f ~  ( 2 . 2 5 )  
Subs t i t u t ing  E q .  ( 2 . 2 5 )  i n t o  E q .  ( 2 . 2 1 )  gives  the  fol lowing 
express ion  for  the  measured  a l t i tude  acce lera t ion  
.. .. 
where 
( 2 . 2 6 )  
( 2 . 2 7 )  
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and 
Afc = -2r(X sin’ L 6L + c6i - i cos’ L 6 i )  - 2  
- (i2 cos2 L + i 2 ) 6 h  (2 .28 )  
I n  E q s .  (2.26), (2.27), and (2 .28)  
.. 
(u)hi = u n c e r t a i n t y  i n  t h e  i n e r t i a l  i n d i c a t i o n  of 
acce le ra t ion  
bfc = compensat ion error  ar is ing from the centr i fugal  terms 
G = v e r t i c a l  component o f  t h e  e l l i p t i c a l  e a r t h  g r a v i t a t i o n a l  
i n  E q .  (2 .21)  
f i e  Id 
6L = l a t i t u d e  e r r o r  
61 = longi tude  e r ror  
6h = a l t i t u d e  e r r o r  
AG = gravi tyanamoly,  which accounts  for  the fact  that  the 
e a r t h  i s  not  a homogeneous e l l i p so id  o f  r evo lu t ion  
Because  (u)hi  depends on t h e  a l t i m e t r y  e r r o r  6h, a feedback path 
e x i s t s  i f  hi i s  u s e d  t o  c a l c u l a t e  K. It w i l l  be shown i n  t h e  .. 
development that  fol lows that  the computat ion of  G involves a 
similar dependence  which i s  about 30 t imes larger  than the las t  
t e rm  in  Eq.  ( 2 . 2 8 ) .  For t h i s   r e a s o n ,   t h e  dynamic v a r i a t i o n s  
due t o  6h i n  E q .  ( 2 . 2 8 )  w i l l  be  ignored  and  this  effect  w i l l  
be t r e a t e d  s t a t i c a l l y  in  the  development  which  follows.  In  the 
der ivat ion  of  E q .  (2.28),  products   o f   the   e r ror   quant i t ies  
and other  small  quant i t ies  such as t h e  e a r t h ’ s  e l l i p t i c i t y  
were neglected.  l7 Note a l s o  t h a t  t h e  g r a v i t y  anomaly, AG, has 
been lumped in  wi th  the  o the r  unce r t a in ty  quan t i t i e s  i n  Eq. (2 .27)  
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since the gravity anomaly, a func t ion  o f  a i r c ra f t  pos i t i on ,  i s  
generally not compensated. 
Table 2.3 l ists  the  e r ror  magni tudes  tha t  a re  repre-  
s en ta t ive  o f  a "relatively-low-cost" system, an "off-the-shelf" 
system, a "state of the art" system, and a system obtainable 
through  future  development. The e r r o r s  a r e  t h e  30 v a l u e s ,  i n  
u n i t s  o f  e a r t h  g r a v i t i e s .  The assumed l a t i t u d e  and  longitude 2 0  
e r rors  for  the  four  sys tem c lasses  were 100 nau t i ca l  mi l e s  (nm), 
10  nm, 1 nm, and 0.5 nm, r e spec t ive ly .  The l a t i t u d e  and  longitude 
r a t e  e r r o r s  were ca lcu la ted  by mul t ip ly ing  the  c i rcu lar  e r rors  by 
the  Schuler  frequency ( 1 . 2 5  x rad /sec)  , s i n c e   t h i s  i s  the  
highest  frequency mode found i n  i n e r t i a l  s y s t e m s .  The corresponding 
l e v e l  2 0  e r r o r s  were  assumed t o  be E = 20 a r c  min, 10 a r c  min, 
1 a rc  rnin,  and 0.2 arc  min,  respect ively,  and f was assumed t o  
have a value of 0 . 1  g .  
H 
It  i s  seen  in  Table 2 . 3  t h a t   t h e  dominant e r r o r   a r i s e s  
from Aft, t h e  i n a b i l i t y  t o  compensate  the centr i fugal  accelera-  
t i o n  terms  exactly.  For t h e  l o w  cost   system, two va lues  for  
kfc and (u)hi are shown, with the aster isk denot ing the use of 
a navigation aid,  such as Loran, Decca,  doppler,  etc. ,  which 
r e su l t s  i n  an  ove ra l l  sys t em which i s  as accura t e  a s  t he  o f f -  
the-shelf  , pure  iner t ia l  sys tem.  1 7 , 2 2 , 2 3  
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TABLE 2.3 
INERTIAL SYSTEM 30 UNCERTAINTIES (UNITS OF g )  
Unc. of   Error   in  
Transfor-   Effect ive  Scale  Compens. 
m a t  ion Ver t ica l  Error Gravity of  C e n t r i f .  Unc. of I n e r t i a l  
Err o r  Accel. Uncert . Anomaly Accel. Ind ic .  of  Accel. 
I n e r t i a l  
System 
(u> h i  A f C  AG a ~ f ~  (U> f D  E: f H  
Low 
( 3  x 1 0 - 3 p  (2 x 10-3);: c o s t  
2 x 2  x 8 . 4  x 1.5 x 10-3 1 . 5 ~ 1 0 - 3  8 . 7  x 
O f f  t he  
2.4 x 1 . 8  x 3 x 1 . 5  x 1 . 5 ~ 1 0 ~ ~  8 . 7  x Future 
A r t  
2.5 x 10-4 2 x 10-4 1.5 X 10-6 1 .5  x l o m 4  1 . 5 ~ 1 0 - ~  4.4 x State  of 
Shelf  
2 x 10-3 2 x 8 . 4  x 3 x 1. 5 ~ 1 0 - ~  4.4 x 
+<Aided I n e r t i a l  System 
It i s  seen from the analysis  in  Ref.  19'which considers the 
specif ic  force compensat ion for  a i rborne gravimeters ,  that  the 
g r a v i t a t i o n a l  component G, is  t h e  most d i f f i c u l t  term t o  com- 
pensate  s ince i t s  magnitude is approximately an order  of  magni- 
tude  greater   than  the  other   terms in Eq. (2  2 5 ) .  Complicating 
the compensation problem i s  the  fact t h a t  GD is  a s t rong funct ion 
o f   t h e   a c t u a l   a i r c r a f t   a l t i t u d e .  An ana ly t ica l   express ion  
f o r  t h e  g r a v i t a t i o n a l  f i e l d  i s  given by 
( 2 . 2 9 )  
where E = product  of  the  ear th ' s  mass wi th  the  universa l  
g r a v i t a t i o n a l  c o n s t a n t  
below t h e  a i r c r a f t  
r = magnitude of  the geocentr ic  ear th  radius  a t  the  po in t  
J = e l l i p t i c i t y  c o n s t a n t  = 0.82 x 
AG = g r a v i t y  anomaly (2 .8  x 10 g rms) -5  
The g r a v i t a t i o n a l  f i e l d  magnitude i n  E q .  (2 .21)  w i l l  be 
determined based on an e l l i p t i c  model  of t he  Ea r th ;  e f f ec t s  due 
t o  g r a v i t y  anomaly compensation are included in  the (u)Si term, 
as r e f l e c t e d  i n  Table 2 . 3 .  Thus 
S u b s t i t u t i n g  E q .  (2.30) i n t o  E q .  (2 .26)  , and neglecting 
products of s m a l l  q u a n t i t i e s ,  y i e l d s  
( 2 . 3 0 )  
hi = h + 2mi  6h + (u)hi .. 
2 - 27 
(2 .31 )  
where 
ws =d 3 = Schuler frequency, rad/sec 
6h = e r r o r  i n  d e t e r m i n i n g  a l t i t u d e  
The dynamic behavior of the iner t ia l  determination of a l t i -  
tude i s  readi ly   explored   v ia  Eq. ( 2 . 3 1 ) .  I f ,  f o r  example, t h e  
ine r t i a l ly  de r ived  a l t i t ude  magn i tude  hi i s  used  to  compute the  
grav i ta t iona l  f ie ld  magni tude ,  Eq.  (2.31) becomes 
Def in ing  the  acce lera t ion  e r ror  Shi by 
.. .. .. 
gives 
(2.32) 
(2.33) 
This equation shows t h e  problem in  u s i n g  i n e r t i a l  a l t i m e t r y ,  s i n c e  
6hi would  grow exponent ia l ly  with t i m e .  The a l t i t u d e  e r r o r  after 
a Schuler period (84 min) i s  on the order  of  the radius  of  the 
Ea r th  fo r  a one mi l l i -g  uncer ta in ty ,  (u)h i .  
.. 
On the other hand, even i f  t h e  g r a v i t a t i o n a l  f i e l d  were 
computed using barometr ic  a l t i tude,  the error  growth i s  unsa t i s -  
factory since the computation scheme is  nothing more than two 
open loop in t eg ra to r s .  To demonstrate 
hi = h + 6hi as before, and Eq. (2.31) 
th i s  behav io r ,  l e t  
becomes 
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.. .. 
(2.34) 
where  (hb - h) i s  given by Eq. (.2.17).  Solution  of  this  equa- 
t i o n  g i v e s  a parabol ic  e r ror  growth  in  time. N e g l e c t i n g  t h e  f i r s t  
term on t h e  r i g h t - h a n d  s i d e ,  t h e  a l t i t u d e  e r r o r  a f t e r  a Schuler 
per iod i s  about  400,000.f t  p e r  mi l l i -g  unce r t a in ty .  The argument 
fo r  u s ing  the  ba romet r i c  a l t i t ude  hb i n  computing the gravitational 
f i e l d  w i l l  b e  f u r t h e r  j u s t i f i e d  i n  Appendix B. 
The important conclusion based on t h e  above discussion i s  
t h a t  t h e  v a l u e  of  ( u ) h i  t o g e t h e r  w i t h  t h e  g r a v i t a t i o n a l  f i e l d  
compensation error 2w: ah w i l l  determine the length of t ime an 
iner t ia l  sys tem a l t imeter  can  be  used  in  an  open loop manner t o  
measure al t i tude without  producing unacceptably large errors .  
A t  t he  p re sen t  t ime ,  s t a t e  o f the  a r t  l imi t a t ions  fo r  bo th  the  
measurement  of s p e c i f i c  f o r c e  and t h e  compensation of i n e r t i a l  
sys tem output  prec lude  the  use  of  iner t ia l  a l t imeters  in  an  open  
loop manner fo r  f l i gh t  du ra t ion  t imes  o f  more than a few minutes. 
If Eq. (2.34) i s  examined  from a frequency domain point  
of view, the advantage of an i n e r t i a l  system aided with imperfect 
g r a v i t a t i o n a l  f i e l d  i n f o r m a t i o n  is  seen. A s  a function  of 
frequency, w ,  E q .  (2.34) becomes 
(2.35) 
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The  altitude  error  is  thus  seen  to  decrease  with  the  inverse 
square of  frequency,  the  altitude  error  sensitivity  to (u)hi
being  only 0.032 ft/milli-g  uncertainty  at w = 1 rad/sec.  The 
hybrid  system  discussed in  the  next  section  utilizes  the  desirable 
high  frequency  characteristics  of  inertial  systems,  while  avoiding 
the  large  steady  state  errors  pointed  out  herein. 
2 .4  HYBRID ALTIMETER 
Configuration.  The  motivation  for  using  both  barometric 
and  inertial  information  for  altitude  determination is based  on 
the  desire  for  combining  the  rapid  response  characteristics of 
the  inertial  system  with  the  long  term  stability  of  the  barometric 
altimeter.  Several  configurations  for  hybrid  altimeter  logic  have 
been  proposed.  One of  these  makes use o f  an  inertial  system  which 
is  "updated"  every  few  minutes  with  barometric  information  to 
limit  the  extent of the  inertial  altitude  error  predicted  by 
Equation (2.33). 
Another  configuration,  widely  discussed  in  the  literature, 
couples  the  barometric  input  to  the  inertial  input  continuously 
(References 4 ,  5 ,  6, 7 ) .  This  system  is  extensively  analyzed 
herein.  This  design  uses  a  simple  second-order  system  to  filter 
the  two  inputs  to  the  system.  The  filtering  limits  the  barometric 
contribution  to  system  response  during  high  frequency  excitation 
of the  system,  and  also  prevents  divergence of the  measured 
altitude. 
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A third  proposed  configuration  would  make  use of Kalman 
filtering of  the  inertial  and  barometric  inputs  in  order  to ob-
tain  optimum  utilization of measurement  information.  However, 
for  the  inertial-barometric  hybrid  system,  it  is  to be expected 
that  the  Kalman  filter  would  provide  only a small  improvement 
over  the  second-order  filter.  This  situation  arises  because 
the  two  sources of information  are  well  separated  in  frequency. 
Thus,  the  Kalman  filter  system  would  not  be  able  to  reduce  the 
steady-state  altimetry  error  significantly  below  the  level  of 
the  barometric  altimeter  bias,  because  the  inertial  signal  con- 
tains  very  little  low  frequency  information.  Only  the  second- 
order  system  has  been  examined  in  this  study. 
A sketch of the  second-order  system  is  shown  in  Figure 
2 . 6 .  Here  the  output  hi  from  the  inertial  system  and  the  output 
hb  from  the  barometric  system  are  inputed  to  the  second-order 
filter.  The  only  parameters  of  the  system  are  the  gains w  2 
and  2Cwn. The output of  the  system  is  the  computed  barometric 
altitude, hb, which  is  fed  back  and  mixed  with  hb. 
E\ 
The  second-order  system  has  been  discussed  frequently  in 
the  literature,  and  in  several  papers an attempt  has  been  made 
to  determine  appropriate  values of 5 and wn. 4 y 5 y 6 y 7  However, 
the  choice  of  the  hybrid  altimeter  parameters C and wn to  satisfy 
the  altimetry  requirements  of  an  SST  aircraft  is  not  a  simply 
accomplished  matter.  This  selection  will  be  studied  in  the 
present  work. 
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Fig. 2.6. Model of Hybrid  Inertial-Barometric  Altimetry  System 
.With  Second-Order  Filtering 
A few qualitative  remarks  will be  made  about  the  second- 
order  system. As mentioned,  an  estimate of vertical  acceleration, 
hi,  is  available  from  the  inertial  system, so two  time  integrations 
would  yield  a  signal  which is.proportiona1 to  aircraft  altitude, 
except  that  inertial  system  errors  result in altitude  errors 
which  grow  with  the  square of time.  On  the  other  hand,  the 
barometric  altimeter,  while  sluggish  in  response,  possesses 
bounded  errors. The hybrid  system  error  is  bounded  by  feeding 
back  a  signal  which  is  proportional  to  the  difference  between 
the  hybrid  and  barometric  indications of altitude  through  the 
constant  gains  2Swn  and wn. It is seFn  that  at  steady-state 
.. 
2 
h 
conditions,  hb = hb.  In  addition,  at  high  frequencies  (zero 
feedback), it is seen  that hb = hi. 
n 
The  signal  from  the  inertial  system  is  only  integrated, so 
the  noise  to  signal  ratio  is  not  amplified.  Thus,  the  hybrid 
system  does  appear  to  combine  the  best  aspects of he  barometric 
and  inertial  systems. 
Response  Equations.  We  will  now  examine  the  response of the 
hybrid  system.  The  differential  equation  for  this  hybrid  system 
is  given  by 
with wn and 5 being  free  parameters  for  selection. In particular, 
5 will be  chosen  to  give a reasonable  amount of transient  overshoot: 
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while .mn is  chosen  to  attenuate  the  inertial  system  error  and  at 
the  same  time  give  the  desired  fast  response  characteristics. 
The  choice  of wn is guided  by  examination of  the  hybrid  system 
error  differential  equation,  which  will  be  carried  out  below. 
If the  barometrically  derived  altitude  is  used  in  the  com- 
putation  of  the  vertical  component of the  gravitational  field, 
then E q .  (2.31)  gives 
(2.37) 
Equation ( 2 . 1 7 )  is  used  to  determine  the  error  in  tape-line 
altitude  for  the  barometric  measurement, so
.. 0 .. - 
h .  1 = h - ~ W ; [ T  hb + AhI - (u)hb] + (u)hi 
The  barometric  measurement  hb  can  be  expressed  in  terms  of  the 
flight  altitude  by  Eq. ( 2 . 1 3 )  yielding 
.. TD(Ah) + (u)hb-. 
h. = h -  
1 2~: [ TD +T-]+ AhI + (,)hi ( 2 . 3 8 )  
where  the  operator  D = - is  introduced. d dt 
Substituting E q .  (2.38)  into E q .  ( 2 . 3 6 ) ,  in terms  of 
Ahb  gives 
7D3 + D + 2(cwn - rmS)D + wn 2 2 2 
(D + 2cunD + wn) Ahb = 2 2 A  TD + 1 Ah 
2SwnD + 2us  2 + mn 2 + (D2 - 2ws)AhI 2 + TD + 1 (u)hb + (u)hi 
( 2 . 3 9 )  
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where  the  definition ACb = tb - ho  is  used. This is  the 
equation  for  the  output  of  the  hybrid  inertial-barometric 
system. 
Hybrid-System  Error.  The  system  can  be  studied  by  examin- 
ing  the  error  in the  signal  defined by  the  equation 
A 
6(Ahb) = Ahb - Ah A 
From  Eq.  (2.39)  the  error  equation  is 
2CwnD + w: + 2 w s  2
TD + 1 + (D2 - 2ws)AhI 2 + (u)hb + (u)hi 
(2.40) 
Let  us  examine  the  error  for  various  signal  rates. To simplify 
the  analysis, let AhI = (u)hb = (u)hi = 0. Then, the  transfer 
function  relating  hybrid  system  error  to  altitude  change is 
given  by: 
.. 
(2.41) 
For  purposes  of  simplification, 1et.u~ first  consider  systems 
in  which wn >> w s .  The  transfer  function is plotted  in  Fig. 2 2 
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2.7 as a function of the  non-dimensional  driving  frequency, W T ,  
for  the  case of 5 = 1. The  ordinate,  then,  gives  the  ratio of 
the'error in  the  computed  altitude  to  the  amplitude of the 
altitude  oscillation. It is  desirable  that  this  ratio  be  small, 
of course - how  small  it  must  be  depends  upon  the  complete 
system - autopilot,  airplane,  and  atmospheric  disturbances.  But, 
for a llball-parkll  numbeg, if the  error  ratio  is  10-1  or  less, 
this  should be acceptable. 
The  error  ratio  in  large  part  is a function of the  response 
time T of the  barometric  system.  The  break  frequency  associated 
with T is  defined  as  the  frequency  where = 1.  It  is  seen 
from  the  diagram  that,  if  the  system  natural  frequency, wn, is 
set  at a  high  value  compared  with  this  break  frequency,  the 
barometric  information  is  favored  and  the  overall  system  will  have 
poor  accuracy  at  high  frequencies. If, on  the  other  hand, wn is 
set  at a low value  compared to  the  break  frequency,  the  inertial 
information  is  favored  and  the  overall  system  will  have  good 
high  frequency  accuracy. 
If wn is set too low,  however, two other  problems  enter. 
First,  the  error  due  to  the  inertial  and  barometric  system un- 
certainties (u)Ki  and  (u)hb will  increase.  This  is  seen  from 
the  following  equation  which  is  the  steady-state  form  of  the 
system  error  differential  equation,  Eq. ( 2 . 4 0 )  
( 2 . 4 2 )  
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Fig. 2.7. Dynamic  Altitude  Measurement  Error as a 
Function of Frequency 
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Here,  the  steady-state  error  due  to  the  inertial  system  and  the 
isobaric  surface  .displacement  are  inversely  proportional  to wn.
Secondly,  the  constant 2 w s / w n  in Eq.(2.42) is  also  inversely 
2 
2 2  
proportional  to v:, increasing  the  error  due  to  the  barometric 
system  at  low  values  of wn. A  plot of  the  steady-state  altitude 
error as  a  function  of wn is  shown  in  Figure 2.8 for  several 
values of inertial  acceleration  uncertainty (u)hi, with (u)hb = 
AhI = 0. 
The  system  parameter  which  strongly  constrains  the  choice 
of wn is  the  barometric  system  time  constant, T .  At  high  alti- 
tudes,  the  barometric  system  is  very  sluggish  and T is  quite 
large.  Fig. 2.7 shows  that  the  dynamic  error  6(Ahb)  of  the 
hybrid  system  for 7wn = 0.1 would  be  about 0.17, or  less,  of 
the  altitude  deviation  Ah. If U ) ~ T  is much  larger,  it  turns  out 
that  the  aircraft  response  becomes  unstable.  At  high  altitudes 
where T might  be 10 sec, con would  have to be  about 0.01 rad/sec, 
or  less.  Figure 2.8 shows  that  the  altitude  error  for a system 
with (u)hi = 0.001g and wn = 0.01 rad/sec  would  be  about 320 ft. 
A 
.. 
The  altitude  error  corresponding  to  the  four  levels  of 
inertial  system  uncertainty, (u)hi, listed  in  Table 2.3 are 
given  in  Table 2.4. A  value of wn = 0.015 rad/sec  has  been  used. 
The error  for  the  off-the-shelf  system,  for  example,  is 300 ft. 
Eq.  2.42 indicates  that  the  steady-state  error  sensitivity 
to  barometric  altimeter  uncertainty  is  given  by 
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Fig. 2.8. Altitude Error of Hybrid  System  Due 
to Uncertainty of Vertical 
Acceleration  Measurement 
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TABLE 2 . 4  
STEADY STATE  ALTITUDE ERRORS 6 ( ~ $ )  
FOR wn = 0.015 RAD/SEC 
Low - 
(425)*  (3  x cost 
3000 2 x 
O f f  -The 
Future  
t he  A r t  
36 2 .5  x State of 
Shelf  
3 00 2 x 
3 2.4 x 
' k A i d e d  Iner t ia l  S y s t e m  
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Thus, the  sensitivity  is  greater  than  unity,  depending  upon  the 
choice of wn. For w = 0.015 rad/sec,  the  nominal  value, n 
6. = 1.007  (u)hb 
It is  seen  that  the  sensitivity  cannot be.reduced to a  value 
which  is  less  than  one.  This  limitatfon  exists  because  the 
hybrid  altimeter  relies  exclusively  on  the  barometric  altimeter 
for  low  frequency  information.  However,  it  is  not  difficult 
to keep the  sensitivity  very  near  unity. 
Note  that  the  steady-state  errors  due  to  accelerometer 
and  barometric  altimeter  uncertainties  result  directly  in  flight 
technical  errors,  independent of the  autopilot  design.  The 
complement  of  instruments  must  therefore be carefully  chosen  to 
keep errors of the  hybrid  system  sufficiently  small. 
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I 
3 .  AIRCRAFT CONTROL AND RESPONSE EQUATIONS 
Figure 3*.1 i s  a block diagram of the  conf igura t ion  commonly 
used for  an a l t i t ude -ho ld  f l i gh t  con t ro l  sys t em.  The a l t i t u d e  
displacement from the isobaric surface,  Ahb, measured by t h e  
altimeter system i s  processed through the compensation system to 
y i e l d  a p i t c h  rate command f o r  t h e  a i r p l a n e .  The compensation 
s e t s  t h e  g a i n  and damping to  the  ou te r  l oop .  The inner loop 
compares t h e  commanded and  ac tua l  p i tch  rates,  and dr ives  the 
e l e v a t o r  t o  n u l l  t h e  e r r o r .  
4 
I t  is assumed tha t  t he  e l eva to r  s e rvo  and actuator  can be 
represented as a f i r s t -order   sys tem  wi th  a t ime  lag ,   In   the  
ca l cu la t ions ,  T~ w i l l  be taken as 0 .1  sec .  The ra te  gyro w i l l  be 
represented as a un i ty  t r ans fe r  func t ion ,  t he  dynamics being 
ignored. The e leva tor  cont ro l  equat ion  in  the  Laplace  domain i s  
(Tes + 1)4,(s) = S ~ S [ @ ( S )  - ec(S)l  ( 3  -1.) 
The phugoid mode of t he  Mach-3.5 SST model has a s l i g h t l y  
d ive rgen t  o sc i l l a t ion  when the  ve r t i ca l  p re s su re  g rad ien t  of 
the  s tandard  ARDC atmosphere i s  represented.  The divergence 
r a t e  i s  small, however, so the phugoid mode can b e  s t a b i l i z e d  
rather  s imply 
The form 
us ing  the  ra te  gyro  in  the  feedback  loop .  
of the compensation equation used i s  
‘h - -  
(Tes 1)Kh e (s)(Ahb) 
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Fig. 3.1. Block Diagram of Altitude-Hold  Autopilot 
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where 
The values  of ., , and T~ are se lec ted  to  provide  adequate  
1 'h2 3 
damping o f  the phugoid and short-period modes f o r  t h e  Mach-3.5 
SST. The values  are kept  s m a l l  relative t o  10 seconds in order  
t o  no t  confuse  the a n a l y s i s  o f  t h e  e f f e c t  of the barometr ic  
response t i m e  T, which i s  on the order  of 10 seconds. No attempt 
has been made t o  select an optimum compensation, as the chief 
ob jec t ive  of the  s tudy  i s  to  eva lua te  the  hybr id  a l t ime te r  
system. 
Combining the above three equations gives the elevator 
control  equat ion 
where the expressions f o r  GQ and the H-functions are l i s t e d  i n  
Appadix  D .  
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I n  a similar manner, t h e  t h r u s t  c o n t r o l  e q u a t i o n  i s  der ived .  
Thrus t  con t ro l  i s  employed i n  t h i s  a n a l y s i s  t o  maintain a con- 
stant Mach number of  t h e  a i r c r a f t  r e l a t i v e  t o  t h e  wind.  Double- 
lead compensation i s  appl ied ,  so t h e  t h r u s t  c o n t r o l  e q u a t i o n  i s  
where KT (s) 
and T~ i s  the engine lag,  T~ i s  t h e  t h r o t t l e  l a g ,  ST i s  t h e  
sca l a r   ga in ,  and T~ and T~ are   the  engine  control   compensat ion 
cons tan ts .  
1 2 
The per turba t ion  equat ions  o f  mot ion  fo r  t he  a i rp l ane  in  
ma t r ix  no ta t ion  a re  
where t h e  elements of t he  ma t r i ces  are de r ived  in  Appendix C .  
In Appendix D ,  t he  con t ro l  equa t ions ,  E q .  (3.3) and ( 3 . 4 ) ,  a r e  
s u b s t i t u t e d  i n t o  E q .  (3.5) . The p res su re  pe r tu rba t ion  i s  ex- 
p re s sed  in  terms Df t he  ve r t i ca l  p re s su re  g rad ien t  and  the  
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displacement of the  isobaric  surface.  The  aircraft  response 
equations  are  obtained 
in t erms 
tainties. 
cer - of the  atmospheric  variables  and  the  measurement un 
The elements of the  matrices  are  presented  in 
Appendix D. 
Solution  of  the  system  of  equations ( 3 . 6 )  for  transfer  func- 
tions [e] , [e], etc.,  has  been  accomplished  using  a  computer 
program  written  for  the IBM 3 6 0 / 7 5 .  The  program  calculates 
the  transfer  functions,  obtains  the  impulse  response  time  solu- 
tions,  determines  the  roots of the  characteristic  equation,  and 
gives  the  steady-state  frequency  response  (phase  and  amplitude 
ratio)  for  sinusoidal  disturbances q, ww, etc. 
wW 
- 
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4. CALCULATION OF HEIGHT ERROR 
4.1 HEIGHT-ERROR EQUATION 
Having t h e  transfer func t ions ,  we can now compute the  
a l t i m e t r y  e r r o r  due to atmospheric turbulence and the other 
f a c t o r s .  
Define @i(w) to  be  the  spec t r a l  dens i ty  func t ion  of t h e  i - t h  
v a r i a b l e ,  %, iiw, AhI, a ,  (u)hb,  or  (u)hi ,  in  uni ts  of t he  
variable squared per radian per second. The s p e c t r a l  d e n s i t y  
func t ion  of the height  response of t h e  a i r p l a n e  from the  i soba r i c  
sur face  i s  then given by 
- 
where I % ( j w )  I is the absolute magnitude of the appropriate 
t r ans fe r   func t ion .  The s tandard   devia t ion  0 of  the height  
response due t o  t h e  i - t h  v a r i a b l e  i s  
Ah(i) 
Assuming t h a t  a l l  of t h e  i - t h  v a r i a b l e s  are, s t a t i s t i c a l l y  i n d e -  
pendent, w e  o b t a i n  f o r  t h e  l a  h e i g h t  e r r o r  ‘SAh 
4 - 1  
We w i l l  be  evaluat ing the component v a r i a t i o n s  o ~ ~ ( ~ ) ,  wi th  
the establishment of an e r ro r  budge t  i n  mind. Also, unless  
indicated otherwise,  the term height  error  w i l l  r e f e r  t o  t h e  
30 value.  
The models of atmospheric turbulence, temperature variations, 
and i s o b a r i c  s u r f a c e  v a r i a t i o n s  f o r  f l i g h t  a t  77,800 f t  a r e  
presented in  the remainder  of  this  sect ion.  Very l i t t l e  d a t a  
a re  ava i lab le  for  use  i n  formulating these models,  so  the  da t a  
t h a t  a r e  a v a i l a b l e  have  been i n t e r p r e t e d  on the  h igh  s ide .  In  
t h i s  way, the aircraf t  response should be overest imated.  
4.2 ATMOSPHERIC TURBULENCE 
A general  lack of  experience of  the response character is t ics  
of  typical  supersonic  t ransport  configurat ions has  focused at ten-  
t i o n  on atmospheric  turbulence  effects on s u c h  a i r c r a f t .  Among 
many overlapping areas of concern are included the turbulent  
structure of the atmosphere a t  a l t i t u d e s  where the  SST w i l l  f l y ;  
t he  aerodynamic response of an SST conf igura t ion ;  and  the  e f fec t  
of engine performance. 24 
Measurements of a i rp l ane  r e sponse  to  c l ea r - a i r  t u rbu lence  
have been obtained during supersonic fl ights of the XB-70 a i r -  
p l anes  to  an a l t i t u d e  o f  74,000 f t  over the Western United States .  
In  gene ra l ,  t he  da t a  shows tha t  tu rbulence  was encountered on an 
average of 7.2 percent of the miles between 40,000 f t  and 65,000 
f t  and 3 . 3  percent of t he  miles above 65,000 f t .  ( A n  acce le ra t ion  
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th reshold  of  *0.06 g w a s  used.)  The XB-70 da ta  appear  to  ind i -  
c a t e  t h a t  l a r g e  s u p e r s o n i c  a i r c r a f t  would be expected to  encounter  
turbulence a t  h i g h  a l t i t u d e s  more of ten  than  predic ted  by e a r l i e r  
data obtained from small subson ic  a i r c ra f t .  25 
Yet no attempt was made i n  t h e  96 f l i g h t s  o f  t h e  X B - 7 0  
a i r c r a f t  t o  s e e k  t u r b u l e n t  c o n d i t i o n s .  In f a c t ,  known areas  
of heavy turbulence were avoided. 
The Dryden turbulence spectra,  Reference 2 6 ,  a r e  employed 
Longitudinal Velocity:  
Transverse Velocity: 
where h2 i s  the   longi tudina l   spa t ia l   f requency  in  r n d / f t .  The 
f r equency  r e l a t ive  to  the  a i rp l ane  i s  
UJ = UoR 
The reduced Dryden s p e c t r a  a r e  p l o t t e d  i n  F i g .  4 .1  f o r  t h e  
Mach-3.5 SST. 
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Fig .  4.1. Reduced Spectral  Densi ty  of  Turbulence for  Drvden-Elodel 
The da ta  o f  P r i t cha rd ,  e t  a126 on the  prob ,ab i l i ty  dens i ty  
of  turbulence are used.  Pr i tchard assumes t h a t  t h e r e  a r e  
separate  per iods of  no turbulence, primary turbulence, and 
secondary turbulence,  and that  the dis t r ibut ion of  turbulence 
in t ens i ty  du r ing  each  o f  t he  l a t t e r  two periods i s  half-Gaussian, 
f o r  examp l e  
n 
where i = 0 ,  1, o r  2 for  non-turbulent ,  pr imary turbulence or  
secondary  turbulence  periods,   respectively.   Primary  turbulence 
i s  associated with non-storm periods and secondary turbulence i s  
associated  with  s torms.  The r e s u l t a n t  p r o b a b i l i t y  p i s  
where Pi i s  the  p ropor t ion  o f  t o t a l  f l i gh t  t ime  spen t  i n  
turbulence  type i, so  
Po + Pl + P2 = 1 
We w i l l  exclude secondary turbulence,  because aircraf t  are  
cont ro l led  to  avoid  s torms .  Also,  storms are e s s e n t i a l l y  non- 
e x i s t a n t  a t  70 - 80 k i lo fee t .   The re fo re  
P2 = 0 
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and 
The turbulence i s  assumed t o  b e  i s o t r o p i c ,  so 
OU = (5 W 
W W 
Assuming t h a t  u and w t u rbu lence  ve loc i t i e s  a re  uncor re l a t ed ,  
the  standard  deviations  of  the  height  response due t o   t h e  and 
W - 
wW 
v e l o c i t i e s ,  a r e  
The combined deviat ion of  the ver t ical  displacement  of  t he  
a i r c r a f t  due to  turbulence  i s  
(4.10) 
From an examination of turbulence data measured in the 
A i r  Force HICAT programz7 , a scale  of  turbulence , L ,  of 2 ,000  
f t  was se l ec t ed  a s  a r ep resen ta t ive  l a rge  va lue .  The da ta  fo r  b l  
and P1 presented by Pr i tchardB6 are  shown i n  F i g .  4.2 and 4 . 3  
The values o f  bl  selected by Pri tchard for  70 and 80 k i l o f e e t  
appear t o  be r e a l i s t i c ,  b u t  t h e  v a l u e s  o f  P1 may r e l y  t o o  
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Fig. 4 .2 .  The Intensity Parameters of Atmospheric Turbulence as 
Functions of Altitude-Data Points (From Reference 26) 
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Fig.  4 . 3 .  The P ropor t ion   o f ,F l igh t   D i s t ance   i n  
Atmospheric Turbulence as Functions of 
Alti tude-Data Points (From Reference 2 6 )  
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heavi ly  on t h e  f e w  h igh-a l t i tude  data avai lable .  Therefore ,  
to  be  conserva t ive ,  l a rger  va lues  of  PI have been selected 
(overes t imates  the  ver t ica l 'mot ion) .  The va lues  se lec ted  are 
tabula ted  i n  Table 4.1. 
Table 4.1 
Turbulence Character is t ics  
I Parameter I Pri tchard  .Value Value Used (Conservative) 
I 70,000 f t  80,000 f t  70,.000 f t  80,000 f t  
L ,  f t  
p1 
2 000 2 000 2 000 2000 
b ,  f t / s e c  2.30 2.25 2.30 2.25 
D 002 .0003 .08 .08 
P i lo t s  o f  h igh - speed  a i r c ra f t  have reported unusual 
experiences in  which outside a i r  temperatures suddenly in- 
creased to.some much h o t t e r  v a l u e .  Such  temperature  experiences 
have not been fully explained. They typical ly  occur  without  
warning and are no t  r e f i ec t ed  in  uppe r  a i r  da t a  p rov ided  by 
the weather information system. 
The tempera ture  da ta  repor ted  in  th,e A i r  Force HICAT program 
a t  a l t i t u d e s  up t o  70,000 f t  i n d i c a t e  t h e  maximum temperature change 
to  be  about  10%. Generally, it i s  only a few degrees i n  
normal turbulence. 
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Because of t h i s  l a c k  o f  s t a t i s t i c a l  d a t a  on temperature 
variations,  the resp.onse per degree w i l l  be  computed,  and t h e  
e f f e c t  of the extreme var ia t ions w i l l  be examined. 
4.4 ISOBARIC SURFACE 
Weather c i r c u l a t i o n s  c a u s e  t h e  t r u e  h e i g h t  o f  f l i g h t  level 
a l t i t u d e s  t o  v a r y  from one loca t ion  to  another  so t h a t  an 
a i r c ra f t ,  fo l lowing  the  p re s su re  con tour s ,  may be  ac tua l ly  
c l imbing  or  descending  a l though f l igh t  leve l  a l t i tudes  a re  
held constant.  This behavior was  noted most  s t r ikingly in  
e a r l y  f l i g h t s  of the XB-70 where radar  t racking  ind ica ted  
the  a i r c ra f t  t o  be  c l imb ing  o r  descend ing  wh i l e  t he  p i lo t  
was f ly ing  a cons t an t  p re s su re  a l t i t ude .  
A review of upper a i r  da t a  by Thompson28 f o r  t h e  50 
m i l l i b a r  (67,507 f t )  f l i g h t  l e v e l  i n d i c a t e s  t h a t  t h e  maximum 
change i n  a l t i t u d e  due t o  t h e s e  e f f e c t s  i s  about 5,000 f t  per  
1000 nau t i ca l  mi l e s ,  o r  130 f t /min for  an SST. These d i f f e r e n -  
ces might be encountered in  connect ion with the polar  vortex,  
accord ing  to  Thompson. 
Again, s t a t i s t i c a l  d a t a  a r e  n o t  a v a i l a b l e  h e r e ,  so t h i s  
extreme case w i l l  be used to  s tudy  the  response .  The  model w i l l  
assume tha t  the  pressure  sur face  i s  f ixed  and tha t  t he  con tour  
i s  s inusoidal  with a half-amplitude of 2500 f t  and a length 
correspondinp to  one cycle per 2000 nmi. 
4 - 1 0  
5. ANALYSIS OF ALTIMETRY ERROR 
In t h i s  s e c t i o n  we w i l l  s tudy  the  e f fec t  of altimeter sys- 
t e m  parameters on t h e  a l t i m e t r y  e r r o r .  We w i l l  consider  as an 
ob jec t ive ,  r educ ing  the  a l t ime t ry  e r ro r s  so ve r t i ca l  separa t ions  
of  1000 o r  2000 f t  could be achievable  a t  Mach 3.5 t o  about 
80,000 f t .  Separat ions of  2000 f t  are now standard a t  subsonic 
j e t  a l t i tudes .   Provid ing   technology f o r  1000-f t   separat ions 
could be a r e sea rch  goa l  t o  meet f u t u r e  a i r  t r a f f i c  r equ i r emen t s .  
Our a i m  here  i s  to  iden t i fy  r e sea rch  r equ i r emen t s  fo r  meet- 
ing the technology requirements,  not t o  perform detai led analyses  
of s epa ra t ion   s t anda rds .   The re fo re ,  w e  w i l l  consider   the  order  
of  magni tude  of  e r rors ,  no t  the  de ta i l s  needed  to  se t  s tandards .  
Calcu la t ions   p resented  by  Gracey’ show that t h e  c o l l i s i o n  
p r o b a b i l i t y   f o r   a n   a i r c r a f t  on a v e r t i c a l   i n e   t o   b e  f o r  a 3 0  
a l t ime t ry  e r ro r  o f  500 f t  a t  an  ass igned  separat ion o f  1 Q G O  f t ,  
F ig .  5 .1 .  We w i l l  i n t e r p r e t  t h i s  r e s u l t   a s   i n d i c a t i n g  t h e  
a l t i m e t r y  e r r o r  shou ld  be  less  than  one-ha l f  o f  the  ver t ica l  
s epa ra t ion  s t anda rd  fo r  s t anda rds  of 1000 f t  o r  more. We w i l l  
r educe  the  a l t ime t ry  e r ro r  ob jec t ive  by an  add i t iona l  f ac to r  of  
two t o  a l l o w  f o r  d e g r a d a t i o n  of equipment during operation. 
The re fo re  the  a l lowab le  a l t ime t ry  e r ro r  would  be  250 or  500 ft 
f o r  1000 f t  o r  2900 f t  s e p a r a t i o n s ,  r e s p e c t i v e l y .  
The 3a a l t i m e t r y  e r r o r s ,  T a b l e  2 .1 ,  es t imated by Boeing, 
of 365 f t  for  cur ren t  subsonic  t ranspor t s  and  of 440-605 f t  fo r  
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t h e  Mach-2.7 SST are-commensurable on t h i s  b a s i s  w i t h  t h e  p r e s e n t  
2000-ft  standard.  The Mach-2.7 a i r c r a f t  e r r o r ,  s c a l e d  t o  Mach 3.5, 
Table 2 . 1  i s  705-960 f t ,  which would r equ i r e ,  on  th i s  bas i s ,  a 
3000-4000 f t  separa t ion  s tandard .  
We cons ider  the  Mach-3.5 supersonic  t ransport  with charac-  
t e r i s t i c s  l i s t ed  in  Tab les  5 .1 ,  5 .2 ,  and  5 .3 .  It i s  c r u i s i n g  i n  
a l t i t ude -ho ld  a t  77,800 f t  a t  the end o f  t h e  c r u i s e  l e g .  The 
aerodynamic properties have been scaled from proper t ies  of  a 
r ep resen ta t ive  Mach-2.7 t r a n s p o r t  t o  g i v e  a maximum l i f t - d r a g  
r a t i o .  
The e l e v a t o r - f i x e d  c h a r a c t e r i s t i c s  f o r  r e s p o n s e  t o  v e r t i c a l  
turbulence are l i s ted  in  Table  5 .4 ,  under  S i  = 0. In  the presence 
of the atmospheric pressure gradient, the phugoid mode has a 
s l igh t  nega t ive  damping coefficient (-0.005) and a period of 
164 seconds. The shor t -per iod  mode has a 9 . 3  sec  per iod.  The 
corresponding magnitude plot of the dh/ww t ransfer  func t ion  for  
a s i n u s o i d a l  v e r t i c a l  g u s t  i s  shown i n  Fig .  5.2. 
The da ta  in  Table  5 .4  show t h a t  t h e  phugoid mode is e a s i l y  
s t a b i l i z e d  by the  e l eva to r  s e rvo  ga in ,  S A .  The short-per iod 
mode disappears  a t  a gain of  20, and reappears at a higher 
frequency  for  higher  gain.   Figure  5.2 shows the  e f f ec t  o f  t he  
servo gain on the  response .  By increasing the servo gain,  the 
response near t h e  phugoid  frequency i s  reduced.  But,  because  of 
noise problems a t  high gain,  the servo gain i s  f ixed  a t  SQ = 40 
sec  for  the  remain ing  ca lcu la t ions .  
5 - 3  
TABLE 5 . 1  
END OF CRUISE FLIGHT CONDITIONS 
Fl ight  Condi t ion 
Mach number 
Al t i t ude  
Velocity 
Dynamic pressure 
L i f t   / d r a g   r a t  i o  
Symbol Units 
M - 
hO 
uO 
f t  
f t  /sec 
q 
L /D 
PS f 
- 
Value 
77,800 
3,388 
6.85 
TABLE 5 . 2  
END OF CRUISE PHYSICAL CHARACTERISTICS 
Charac te r i s t i c s  
Aircraft  weight 
Wing sweep 
Moment of i n e r t i a  
Reference area 
Reference chord 
Thrus t  o f fse t  
Thrust moment arm 
T a i l  moment arm 
Symbol 
W 
A 
I 
S 
Y 
C 
8 
J C  
at 
Units 
l b  
deg 
s l u g - f t  
f t 2  
f t  
deg 
f t  
f t  
Value 
388,200 
76 
6 . 2 5  x 107 
9000  
1 9 2 . 5  
0 . 7 5  
3 . 2 4  
55  
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END OF CRUISE AERODYNAMIC 
PROPERTIES 
M = 3.5, ho = 77,800 ft 
0.0115 
- 
cz 0.0595 
U 
c D a  
0.0836 
0.0779 
C 
C 0 
-0.938 
=a 
z& 
cL 
C, 0.926 
0.0118 
-0.017 
-0.0213 
-0.0057 
0.0 
cz 
cz 
cm 
4 
U 
cm a 
C 
m& 
'rn 
4 
-0.623 
-0.0118 
-0.0035 
-0.029 
0.0 
-0.178 
1 
C -0.00596 
rn6 e 
C -0.001 
mM 
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TABLE 5 . 4  
CHARACTERISTICS OF RESPONSE TO wW-GUST 
FOR VARIOUS ELEVATOR GAINS S h  
M = 3 . 5 ,  ho =- 77,800 f t  
Elevator 
Servo Gain , S i  
S ec 
0 
10 
20 
40  
100 
200 
Response Mode 
Phugoid 
Frequency 
Rad/S ec 
0.038 
0.035 
0.032 
0.028 
0.022 
0.018 
Damping 
Coef. 
-0 .005 
0.008 
0.025 
0.062 
0.17 
0 . 3 1  I 
Short-Period 
Frequency 
Rad/Sec 
0 .67  
0.78 
- 
6 . 1  
9 .7  
13 .6  
Damping 
Coef. 
0 . 1 4  
0 .78  
- 
0.82  
0 .52  
0.37 
1 
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The magnitude of the Ah/uw t r a n s f e r  f u n c t i o n  f o r  a longi-  
t ud ina l  gus t  i s  shown in  Fig.  5 .3 ,  with S i  = 40. The 30 height  
e r r o r  i s  only 1.5 f t  due to  long i tud ina l  t u rbu lence  compared t o  
8.5 f t  due t o  v e r t i c a l  t u r b u l e n c e ,  so  only  the  response  to  ve r t i -  
ca l  tu rbulence  i s  presented from here on. 
With  an  uncompensated  system, K = 1 
'e 
-23s + 1 Y t he  damping 
c o e f f i c i e n t  f o r  t h e  phugoid mode i s  dr iven negat ive by extremely 
small va lues  of  the  a l t imeter  ga in  sh .  Therefore ,  the  lead- lag  
compensation term 
2 s  + 1 
D.23s + 1 
was se l ec t ed  from a root- locus s tudy with a pe r fec t  a l t ime te r  
i n  o r d e r  t o  s t a b i l i z e  t h e  phugoid mode. Addit ional  lead com- 
pensation ( 7  s + 1) i s  in t roduced  in  o rde r '  t o  s t ab i l i ze  the  
short-per iod mode. Lead compensation of 60 sec had been used by 
Piggott .8  Unfortunately,   using  large  values  of  lead compensa- 
t ion confounds the analysis  of  probe lag .effects ,  as f i r s t - o r d e r  
probe lag can be identically compensated by equal magnitude lead 
compensation. 
h2 
Calculations  were made to   de te rmine  how f a r  T could  be 
h2 
reduced. The resu l t s  a re  presented  in  Table  5 .5  for ,  what i s  
c a l l e d ,  t h e  "nominal"  hybrid  system: T = 1 0  sec , Si = 40 sec ,  
T = 0 . 1  sec ,  e T h l  = O a Z 5  T% = 2.0 sec,  W, = 0.015 rad/sec, 
5 - 8  
10.0 
V a a 
I .o 
0. I
S i  = 40 sac 
Sh = S T  = O  
0 .oo I 0.01 0. I 1.0 
w ,  rod/sec 
Fig. 5.3. Magnitude of Ah/u Transfer  Function Versus U) 
for s = jU) With Eyevator Control Only 
IO. 0 
TABLE 5.5 
CHARACTERISTICS OF RESPONSE TO w,-GUST FOR VARIOUS VALUES OF COMPENSATI3N LEAD T ~ ,  
L 
M = 3.5, ho = 77,800 ft 
T = 10 sec ,  Si, = 40 sec,  T~ = 0 .1  sec 
T = 0.25 sec ,  T = 2.0 
h l  h3 
“‘n = 0.015,  5 = 0.6 
~~~ ~ 
Var i a b   l e  s 
0 
1 . 9  0.02 
5 .O 0.005 
9 .5  0.002 
Response Mode 
Phugo i d  
.- 
Short  Period Mod -Short  Period 
Frequenc Damping Frequency Damping Frequenc Damping 
(Rad/Secy Coef. (Rad/Sec) Coef. (Rad/Secy Coef. 
~ ~~~~~ ~ ~~~~~~~ ~~~~ ~~ ~~~ ~ ~~~~ ~~~ 
Could not  be s t a b i l i z e d .  
0.017 0.56 0.88 0.28 3.3  0.75 
0.017 0.56  0 .54  0 .46  3 .9  0 .79 
0.017 0.56  0.44  0.54  4.2  0.82 
and 6 = 0 ;6 .  The g a i n  s h  i s  v a r i e d  t o  k e e p  t h e  damping of t h e  
phugoid and modified-short period modes e s s e n t i a l l y  c o n s t a n t .  
The r e s u l t  i s  the   shor t -per iod  mode i s  divergent   for  T = 0 sec. 
h2 
For T = 1.9 sec,   the   short-per iod mode is  damped t o  0.28, so  
h2 
the value 1.9 sec i s  used hereon f0.r this  compensat ion,  giving 
K b  = (6.1s + 1)(0 1.9s + 1) (2s  + 1) e .25s + 1) 
f o r  a l l  f u r t h e r  c a l c u l a t i o n s .  The magnitude of the Ah/ww t r a n s f e r  
func t ion  fo r  a pe r fec t  a l t ime te r  ( T  = 0, wn = CU) w i t h  t h i s  com- 
pensation i s  shown in  F ig .  5 .4 .  Two modes remain, a t  0.89 and 3 . 3  
rad/sec,  having damping c o e f f i c i e n t s  of 0.27 and 0.75, respec- 
t i v e l y .  The 30 height  devia t ion  for  ver t ica l  tu rbulence  i s  
tabula ted  i n  Table 5.6, and f o r  a pe r fec t  altimeter it i s  only 
0.26 f t .  
The response with a barometric system i s  computed by s e t t i n g  
'un = m .  It turns  out  that  the barometr ic  system i s  s tab le  only  
for  very  small  values  of  she  Presumably,  the  compensation  could 
b e  a l t e r e d  t o  a d m i t  l a r g e r  v a l u e s  o f  s h ,  b u t  t h i s  would add 
another  var iab le  to  the  s tudy .  The magnitude  of  the Ah/ww 
t ransfer  func t ion  is  shown in  Fig .  5.5. The response  here  d i f fe rs  
on ly  s l i gh t ly  from the response with the ra te  gyro, alone. The 
he ight  devia t ion  due  to  ver t ica l  tu rbulence ,  Table  5.6, is 9.6 
and 8.9 f t  . This is neg l ig ib l e .  
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TABLE 5 .6  
ALTIMETRY ERRORS 
M = 3 . 5 ,  ho = 77,800 f t  
. . . . - . . . - - - - - ~- " "" "  . __ ~ 
OAh(@) 
t I- si, h % aAh (w,) O 0  ( f t  1 
~h ( ~h~ 1 
(Sec)  (Sec) (Rad/ft)  (Rad/sec) ( f t  ) (ft/'C) AhI = 2500 f t  
Elevator  Control  Only 
- 4 0  0 
Perfect  Alt imeter  
0 40  0. 2 
Barometric Altimeter 
1 4 0  
10  40  10 '6  
Hybrid Altimeter 
0 40 0.02 
3 40 0 .02  
10 40 0.02 
10 4 0  0.02 
30   40  0 .02  
30  40 0 .02  
- - 8.5  10.0 
m - 0.26  0.24 
OD - 9.6  10.5 
- 8 . 9  10.2 m 
0.015 0.6 0.25 0 . 2 4  
0 .05  0.6 0 .24  0 .24  
0 .015 0.6 0 .25  0 .24  
0 .05  0.6 0 . 2 4  0 .24  
0.005 0.6 0 .25  0 .24  
0.015 0 .6  0.25 0.24 
32 
0.03 
2 1  
30 
63 
5.7 
63 
5.7 
580 
63 
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Fig. 5.5. Magnitude of Ah/w, Transfer  Function  Versus u1 
for s = j m  With Barometric  Altimeter 
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Because the response with the barometric system is e s s e n t i a l l y  
t h e  same as f o r  t h e  rate gyro alone, the barometric system i s  not  
fu l ly .  u t i l i zed .  Ca lcu la t ions  have  shown that  the barometer  can 
be used with higher gain i f  the lead compensation i s  increased.  
Increased lead Compensation increases t h e  e r r o r  due t o  n o i s e  in  
the  system. So, t h e  f a c t  t h a t  it i s  necessary  to  increase  the  
lead compensation for the barometric system beyond the  va lues  
for  the hybrid system, indicates  that  the hybrid system has value 
in reducing noise problems. However, a thorough analysis of noise 
e f f e c t s  on a barometric system i s  beyond the scope of  this  s tudy.  
An ex tens ive  se r i e s  o f  ca l cu la t ions  have been performed t o  
s e l e c t  a desirable  combinat ion of  servo gain and al t imeter  gain.  
The s t ab i l i t y  boundar i e s  fo r  t he  ga ins  are presented in Fig.  5.6 
f o r  7 = 10 sec ,  wn = 0.015 r ad / sec ,  and 5 = 0.6. A t  a f ixed  
value of  the servo gain,  the short-per iod mode is  d ivergent  for  
low a l t ime te r   ga ins ,  and the  modified-short   period mode i s  
d ivergent  for  h igh  a l t imeter  ga ins .  At Si, = 40 sec ,  a gain of 
Sh = 0.02 rad / f t  p rovides  a good compromise between the 
values  of the  damping c o e f f i c i e n t s  of the short-per iod mode and 
the modif ied-short  per iod mode. 
The e f f e c t  of t h e  f i l t e r  g a i n ,  wn, on the response i s  shown 
in  Table 5 .7 ,  f o r  T = 10 sec. The f i l t e r  gain governs the 
weight ing of  the s ignals  from t h e  i n e r t i a l  and barometric systems - 
increas ing  the  ga in  weights  the  barometr ic  s igna l  more heavi ly ,  
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TABLE 5.7 
CHARACTERISTICS OF RESPONSE TO w,-GUST FOR VARIOUS HYBRID SYSTEM 
FILTER GAINS con 
M = 3.5, ho = 77,800 ft 
T = 10  sec ,  S i  = 40 sec ,  Sh = 0.02 r a d / f t ,  C = 0.6 
Response Mode 
Phugoid Short  Period Mod-Short Period 
F i l t e r  
'n 
Gain Frequency Damping Frequency Damping Frequency Damping 
(Rad/Sec)  Coef.  ( a / ec)  ef.  (Rad/Sec)  Coef. 
0 - - 0.88  0.27 3.3  0.75 
0.015 
0.140  -0.07  0.87  0.44 3.3  0.73 0.150 
0.061 0.27  0.88 0.32  3.3 0.74 0.050 
0.017 0.56 0.88  0.28 3.3 0.75 
1 0 s ~  + 2 + (1.2 - 0.00003); + ... 
W 
Hah(s) = 
n 
(i2 + 1.2s  + 1)(1Os + 1) 
and reducing the gain weights  the inertial  s i g n a l  more.  For 
"'n - 
be .seen, t h e r e  are other problems a t  low va lues  of wn. The 
iner t ia l  s i g n a l  is needed t o  damp the phugoid. A t  mn = 0.15 
rad/sec,   the  phugoid i s  divergent .  The o the r  two  modes a r e  
r e l a t i v e l y  u n a f f e c t e d  by the  f i l t e r  ga in .  
- 0, the phugoid mode is  completely el iminated;  but ,  it w i l l  
The occurrence of osci l la tory divergence of  the phugoid mode 
depends e s s e n t i a l l y  upon the value of  the product  T W ~ .  The 
approximate locat ion of  the s tabi l i ty  boundary in  T ,  con coordinates 
i s  shown i n  Fig .  5 .7 .  For t h e  6 examples p l o t t e d  in  these coor- 
d ina t e s ,  5 a r e  s t a b l e  and 1 i s  divergent .  A t  T = 10 sec ,  the  
boundary of t h e  s t a b l e  r e g i o n  l i es  somewhere between the  poin t  a t  
"'n = 0.05, f o r  which t h e  phugoid o s c i l l a t i o n  i s  s t a b l e ,  and 
u+., = 0.15, f o r  which it  is  divergent .  The s t a b i l i t y  boundary 
has been taken as t h e  l i n e  T W ~  = 1.0. To provide phugoid oscil- 
l a t o r y  s t a b i l i t y ,  un should be made small enough t o  b e  w e l l  below 
the divergent  zone.  
On the other  hand,  it w a s  shown i n  Sec t ion  2.4 t h a t  small 
values  of wn can produce large al t imetry errors  ( the barometr ic  
system signal  would be too small). For example, t o  -allow 1000-ft 
separa t ions ,  it is d e s i r a b l e  t o  k e e p  t h e  e r r o r  due t o  t h e  v e r t i c a l  
acce le ra t ion  measurement t o  t h e  o r d e r  o f  100 f t .  The r e l a t i o n s h i p  
between t h e  a l t i t u d e  e r r o r  and w, i s  ind ica t ed  by the hatched 
a reas  i n  Fig.  5 .7 ,  a s  a function  of  (u)hi.   Representative 
values of (u)hi are t abu la t ed  in  Table 2.4. The loca t ion  of 
,. 
.. 
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t h e  boundary for  var ious  accurac ies  of  an  iner t ia l  sys tem is  
a l s o  shown i n  F i g .  5.7.  
Figure 5.7 shows t h a t  t h e  g a i n  wn must be kept  wi th in  a 
t r i a n g u l a r  zone bounded on the  h igh  s ide  by phugoid mode d iver -  
geme and on the  low s ide  by  ve r t i ca l  acce le romete r  e r ro r .  For 
T = 30 sec and an o f f - the - she l f  i ne r t i a l  sys t em,  the re  i s  no 
l a t i t u d e  i n  t h e  s e l e c t i o n  o f  wn;  i n  f a c t ,  f o r  T = 30 sec, it 
would be  imprac t i ca l  t o  keep  the  ve r t i ca l  e r ro r  t o  100 f t  without 
going t o  a s ta te  of t h e  a r t  system.  For T = 10 sec ,  t he re  i s  
some l a t i t u d e  in  the  se l ec t ion  o f  uln with an off-the-shelf  system, 
b u t  w i t h  t h e  v e r t i c a l  e r r o r  s o  s e n s i t i v e  t o  w n ,  P i g .  2 . 4 - 3 ,  a 
s t a t e  o f  t h e  ar t  system  might  prove more sa t i s f ac to ry .  Fo r  T 
l e s s  t han  10 seconds, it appears  tha t  an of f - the-she l f  iner t ia l  
system would admit obtaining a reasonably small v e r t i c a l  e r r o r .  
The magnitude of the  Ah/ww t r ans fe r  func t ion  fo r  t he  hybr id  
ine r t i a l -ba romet r i c  a l t ime te r  i s  shown i n  F i g .  5.8. Four  values 
of  the  probe  lag are used: T = 0, 3 ,  10,  and 30 sec .  The f i l t e r  
ga in  i s  va r i ed  from un = 0.005 t o  0.05 rad/sec, depending upon T .  
The e leva tor  se rvo  ga in  S i ,  and a l t imeter  ga in  sh  a re  40 sec  and 
0.02 r a d / f t ,   r e s p e c t i v e l y .  The magnitude of t h e   v e r t i c a l  
devia t ion  due t o  v e r t i c a l  t u r b u l e n c e  i s  tabula ted  in  Table  5.6. 
The s t r i k i n g  r e s u l t  i s  tha t  the  response  wi th  the  hybr id  
altimeter i s  essent ia l ly  independent  of the  probe  lag  for  the  
whole range of probe lag from 0 t o  30 seconds. The ga in  wn 
must be reduced for  la rge  va lues  of  T ,  t o  p re se rve  phugoid mode 
s tab i l i ty ,  bu t  o therwise  the  e f fec t  o f  probe  lag  i s  n e g l i g i b l e .  
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The effect of the  engine  thrus t  cont ro l  i s  shown in  
Fig.  5.8b.  Three  values  of  engine  thrust are s tudied :  ST = 0, 
0.01, and 1.0; the  response i s  d ive rgen t  fo r  l a rge r  va lues  o f  
ST. One set  of thrust compensation parameters was employed: 
TT1 = 50 set' 7T2 
= 10 sec, and an engine lag T~ = 8 sec, and 
a t h r o t t l e  l a g  T~ = 0.15 seconds, giving 
KT(S) = (50s 3. 1)(1Os + 1) 
(8s + 1)(0.15s#+ 1) 
The engine  thrus t  cont ro l  on ly  affects the response a t  t h e  
extremely low frequencies ,  where it reduces the response.  But 
the response i s  s o  small a t  these  f r equenc ie s ,  t ha t  t h rus t  con- 
t r o l  was no t  employed in  the  ca l cu la t ions  of r e s p o n s e  t o  v e r t i c a l  
wind. 
The e f f e c t  o f  f i l t e r  g a i n  wn on the response with the 'hybrid 
altimeter +s shown in Fig. 5.8b and c. The response of the  
phugoid mode increases wi th inc reas ing  %. In  other words,  the 
iner t ia l  system reduces the amplitude of the phugoid mode. For 
T = 10 sec, wn = 0.15 rad/sec, and for 7 = 30 sec ,  uh = 0.05 
rad/sec, the phugoid mode i s  divergent .  
The 30 al t i tude deviat ion,  Table  5 .6 ,  i s  about 0.24 f t  f o r  
non-divergent cases with the hybrid alt imeter,  which i s  neg l ig ib l e .  
The al t i tude deviat ion has  been reduced by a factor  of  about  40 
us ing  the  hybr id  a l t ime te r ,  nea r ly  two orders  of magnitude, from 
the  deviation  for  the  barometric  system.  Furthermore,   there are 
no sharp peaks in  the response curve as a funct ion of frequency, 
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To  facilitate  further  comparison,  representative  curves 
of vertical  gust  response  from  Figures 5.2, 5.4, 5.5 and 5.8 are 
combined  into  Figure 5.9. The effect of the  hybrid  altimeter in 
the  control  system fs to  reduce  the  gust  response of  the  system 
below  about  0.5  rad/sec  almost  to  the  same  low  curve as achieved 
by  a  perfect  altimeter. The effect of adding  thrust  control  to 
the  hybrid  system  is  virtually  negligible  and is not  included 
here. 
The  magnitude of the  transfer  function  Ah/@  due  to  atmos- 
pheric  temperature  variations  is  presented  in  Fig. 5.10 - 5.13, 
and  the  altitude  deviation  due  to  "white"  temperature  variations 
(equal  amplitude  at  all  frequencies)  is  tabulated  in  Table 5.6.
The speed of sound  of  air  has  been  computed  from  temperature 
assuming  air  to  be  a  perfect  gas.  Figure 5.10 shows  that  the 
height  deviation  can  be  quite  large  at  the  slow  variations  of 
the  phugoid  frequency,  ranging  from  about 10 to 1000 ft/OC. 
During B70 and  U2  flights  at  these  high  altitudes,  temperature 
variations  of 5-1OoC have  been  experienced,  and  difficulty  was 
experienced  in  maintaining  altitude.'  Figure 5.10 shows  the  large 
magnitude of  response  that  can  occur  for  a  system  with  elevator 
control  only. 
With  the  perfect  altimeter,  Fig. 5.11, the  altitude  varia- 
tions  due  to  temperature  are  reduced  significantly.  The  altitude 
deviation  is  reduced  to 0.24 ft/OC.  But  the  deviation  with  the 
barometric  system,  Fig.  5.12,  is  greater  than 100 ftloC  at  the 
phugoid  frequency; it is 10.2 to 10.5 ft/OC  for  "white"  tempera- 
ture  variations. 
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The  response  due  to  temperature  variations  with  the  hybrid 
syst,em  is  shown  in  Fig.  5.13. The  response  is  reduced  orders 
of magnitude  in  the  phugoid  range,  the  sensitive  range,  from 
the  response with,the barometric  system,  The  response  to  "white" 
temperature  variations  is  essentially  the  same  as  for  the  perfect 
altimeter, 0.24 ft/OC,  which i's negligible. 
Adding  thrust  control  to  the  hybrid  altimeter  system  in- 
creases  the  altimetry  errors  for  temperature  variations  of  fre- 
quencies  greater  than  about 0.003 rad/sec,  Fig. 5.13. For  a 
thrust  gain ST = 1.0 ,  the  largest  magnitude  of  the  transfer 
function  Ah/@  is  only 3 ft/OC,  which  is  not  large.  But  the  fre- 
quency  is so high, that  Mach  number  control  would  not  be a 
concern. At the  low  frequencies  where  Mach  number  control  might 
be  desired,  such  as  for wn < 0.01 rad/sec,  the  response  is 
negligible. 
Representative  temperature  response  curves  from  Figures 
5.10-5.13 are  combined  into  Figure 5.14 for  ease of comparison. 
The effect of the  hybrid  control  system  is  to  reduce  remarkably 
the  temperature  response of the  system  below  about 0.5 rad/sec 
to  virtually  the  same  as  achieved  by  a  perfect  altimeter.  The 
effect  of  adding  thrust  control  to  the  hybrid  system is to in- 
crease  temperature  response  throughout  most of the  range  of 
interest;  the  resulting  temperature  response  below  about 0.2
rad/sec is, however,  still  superior  to  that  for  the  systems  not 
having  the  hybrid  altimeter. 
/ .  
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The maximum h e i g h t  e r r o r s  due t o  v a r i a t i o n s  i n  t h e  h e i g h t  
o f  t he  i soba r i c  su r face  AhI are tabula ted  i n  Table  5.6. The 
extreme example given in  Sec. 4 . 4  is  used - a s i n u s o i d a l v a r i a t i o n  
of ~ 2 5 0 0  f t  amplitude and a 2000 n m i  ws-velength. With the  baro-  
metric altimeter, the maximum devia t ion  from t h e  i s o b a r i c  s u r f a c e  
i s  2 1  t o  30 f t .  For   the  hybrid alt imeter,  the  error   depends 
upon t h e  f i l t e r  gain w n ,  be ing  inverse ly  propor t iona l  to  the  
square  of w n .  With wn = 0.015 r ad / sec ,  t he  maximum devia t ion  i s  
only  62.5 f t ,  but  with  0.005  rad/sec i t  i s  580 f t .  T h i s  i s  due 
t o  t h e  l a r g e  amount o f  i ne r t i a l  sys t em s igna l  - t h e  i n e r t i a l  
system tends to hold a cons t an t  t ape - l ine  a l t i t ude  in s t ead  o f  
fo l lowing  the  i sobar ic  sur face .  
We w i l l  now examine t h e  e f f e c t  o f  e r r o r s  i n  t h e  altimeter 
system  components.  For the  barometric  system  only s t a t i c  e r r o r s ,  
not  frequency  dependent, are known. The e r r o r s  are  t a b u l a t e d  i n  
Table 2.2.  The in s t rumen t  and  s t a t i c  p re s su re  e r ro r s  fo r  cu r ren t  
systems are both  too  large.  The instrument   error   of  240 f t  
projected for  future  systems i s  probably acceptable for 2000-ft  
separa t ions ,  bu t  i t  would  need to  be halved for  1000-f t  separa-  
t i ons .  The s t a t i c -p res su re  e r ro r  o f  800 f t  p r o j e c t e d  f o r  f u t u r e  
systems would have to  be  cu t  t o  one - th i rd  fo r  2000- f t  s epa ra t ions ,  
an order of magnitude improvement over current operational equip- 
ment. The e r r o r  would  need to  be  ha lved  aga in  for  1000-f t  
separat ions.  
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The accuracy requirements  of  the iner t ia l  system are 
discussed relat ive to  Fig.  5 .15,  which shows t h e  e f f e c t  
o f  i n e r t i a l  sys t em e r r o r  on a l t i m e t r y  e r r o r  a t  low f r e -  
quencies. A "low cost"  system,  having a 3a e r r o r  of 0 .02  g ' s  
i s  l i m i t e d  t o  a f i l t e r  g a i n  w n  of 0.06 o r  more f o r  a 200-ft  
h e i g h t  e r r o r .  T h i s  means T must  be 10 s e c  o r  Less f o r  phugoid 
s t a b i l i t y ,   F i g .   5 . 7 .  An of f - the-she l f  system, having  0.002-g 
accuracy, with w n  = 0.03 would allow 1000-ft  separations 
f o r  T up to   about   10  sec.  However,  due to   pract ical   problems,  
i t  may b e  advantageous to  use  a s t a t e - o f - t h e - a r t  i n e r t i a l  
system i f  T i s  a s  l a r g e  a s  L O  see F i g .  5.7. 
I f  the probe response t i m e  T i s  30 sec .  phugoid  s tab i l i ty  
requi res  lun = 0.015  or  more. A s t a t e - o f - t h e - a r t  sys tem,  
0.00025-g  accuracy, would be required.  A sys tem of t h i s  
accuracy should meet 1000-ft  separation requirements 
s a t i s f a c t o r i l y .  
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6 .  CONCLUSIONS 
We have represented a Mach-3.5 supersonic  t ranspor t  f ly ing  
i ? L  a l t i t u d e  h o l d  a t  77 ,800  f t  as a linear sys tem subjec ted  to  
a tmospher ic  e f fec ts  of  tu rbulence ,  t empera ture  var ia t ion ,  and  
va r i a t ion  o f  i soba r i c  su r face  he igh t .  A h y b r i d  i n e r t i a l -  
barometr ic  a l t imeter  with a second-order f i l t e r  i s  represented 
as a l i nea r  sys t em p rov id ing  con t ro l  i npu t  t o  the  au top i lo t  fo r  
e leva tor  ra te  c o n t r o l .  The e f fec ts  of  barometr ic  sys tem er rors  
and ine r t i a l  sys t em e r ro r s  a re  modeled on a s t eady- s t a t e  bas i s .  
Simple rate-gyro control and barometric alt imeter control become 
l imi t ing  cases .  
The s ta t ic-pressure error  of  the barometr ic  system must be 
reduced nearly an order of magnitude from the estimated 2000-ft 
( 3 0 )  e r r o r  o f  p re sen t  ope ra t iona l  sys t ems  in  o rde r  t o  meet 2000-ft 
ver t ica l  separa t ion  requi rements ,  and halved again f o r  1000-ft 
separations.   Accuracies  projected f o r  barometr ic   a l t imeters  
for  next-generat ion supersonic  t ransports  would allow 3000-4000 
f t  v e r t i c a l  s e p a r a t i o n s  f o r  a Mach-3.5 t r anspor t .  The s t a c i c  
p re s su re  e r ro r  appea r s  t o  be  much grea te r  than  the  o ther  e r rors  
of t h e  hybrid sys t em.  
With a probe lag of 10 sec .  o r  l e s s ,  an  o f f - the - she l f  i ne r -  
t i a l  system, having 30 accuracy .of 0.002 g's, would provide ample 
accuracy for  a hybrid altimeter. 
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The computed he ight  devia t ions  due to turbulence or "white" 
temperature  var ia t ions are acceptably small f o r  a11 the altim- 
eters. The deviat ions  for   the  hybrid altimeter are smaller than 
for the barometric system by a f a c t o r  of about 40. However, 
the barometric sys tem could  exper ience  la rge  devia t ions  in  f ly ing  
through osc i l la tory  gus t  or  tempera ture  var ia t ions  near  the  
phugoid frequency, such as waves in the atmosphere,  whereas the 
hybr id  a l t ime te r  has  neg l ig ib l e  dev ia t ions  a t  a l l  f r equenc ie s .  
The au top i lo t  p l ays  an  impor t an t  ro l e  in  the  s tudy .  The 
lead and lag compensation gains of the alt imeter sys t em were 
r e s t r i c t e d  t o  2 sec  o r  less to  enable  the  e f fec ts  of  probe  lag  
greater  than 2 s e c  t o  be  studied. The hybrid altimeter p e r -  
formed very well u n d e r  t h i s  r e s t r i c t i o n .  However, f o r  t h e  
barometric alt imeter,  the phugoid mode became uns t ab le  fo r  
r e l a t ive ly  sma l l  amounts  of cont ro l  ga in .  The response was a s  
good wi th  the  hybr id  a l t imeter  as  wi th  the  per fec t  a l t imeter .  
The response was l imited only by the compensation employed. 
Fur ther  ana lys i s  of the  barometr ic  a l t imeter  would be 
worthwhile. The barometric sys t em appears to need more  compensa- 
t i o n  t o  remove the large response near the phugoid frequency. 
But t h i s  r equ i r e s  an  ana lys i s  o f  no i se  e f f ec t s  a s soc ia t ed  wi th  
increasing  the  lead  gain.   Therefore ,   a l though  the  response  of  
the barometric system was not  near ly  as  good a s  f o r  t h e  h y b r i d  
sys t em,  i t  cannot b e  sa id  tha t  the  response  of the barometric 
system i s  necessar i ly   poor .   This   requi res   fur ther   s tudy .  
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There appears to be no problem in following the height varia- 
t ions  of  the  i sobar ic  sur face  wi th  the  hy 'br id  altimeter, except ,  
perhaps,  i f  t h e  probe  lag i s  as l a rge  as 30 seconds .  In  th i s  
case, add i t iona l  dev ia t ions  o f  500 f t   o r  more might be  experienced 
due t o   i n e r t i a l  system accelerometer uncer ta in ty .  
Improved da ta  on long wavelength turbulence,  updrafts,  waves , 
atmospheric  temperature  var ia t ion,  and isobaric  surface var ia t ions 
cou ld  be  use fu l  i n  eva lua t ing  a l t ime t ry  a t  ex t remely  h igh  a l t i tudes .  
However, t he  l ack  of a tmospher ic  da ta  does  not  appear  to  be  c r i t i ca l  
t o  an evaluat ion of  the iner t ia l  barometr ic  system. 
Data on the  lag  of  pressure  systems a t  supersonic  speeds  i s  
needed. A t  such  high  stagnation  temperatures (860°F a t  Mach 3.5) ,  
i t  may b e  d i f f i c u l t  t o  meet pressure  measurement accuracy require- 
ments without compromising probe lag, 
The encouraging resul ts  given by t h i s  a n a l y s i s  f o r  a hybrid 
a l t ime t ry  sys tem r e q u i r e  v e r i f i c a t i o n  by f l i g h t  tests. For 
example,  Piggot t '  analyzed height  keeping errors  of a i r c r a f t  due 
to  a tmospheric  turbulence for  a p e r f e c t  altimeter, and he found 
tha t  the  measured  a l t i tude  e r rors  for  subsonic  j e t s  i n  c r u i s e  
a re  g rea t e r  t han  the  p red ic t ed  e r ro r s  by about two orders  of 
magnitude. I n   t h e   p r e s e n t   a n a l y s i s ,   t h e   a d d i t i o n a l   e f f e c t s  of 
barometric system s ta t ic  e r ro r s  and  l ag  and  ine r t i a l  system e r r o r s  
have been included i n  t h e  a n a l y s i s ,  as w e l l  as atmospheric 
temperature  and pressure effects .  'But i t  remains  to  be  demonstrated 
t h a t  a l l  of t h e  p r i n c i p a l  f a c t o r s  i n v o l v e d  i n  a l t i m e t r y  a t  
supersonic speeds and extremely high alt i tudes have been accounted 
fo r  adequa te ly .  
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Appendix A 
NATURE OF VERTICAL SEPARATION PROBLEM 
Based on SST f l e e t  p r o j e c t i o n s  f o r  t h e  1990 time period 
(Ref. 28), t h e  t r a f f i c  c o n g e s t i o n  on Nor th  At lan t ic  routes  a t  
SST a l t i t u d e s  would be  similar to  the  conges t ion  cu r ren t ly  
experienced by j e t  a i r c r a f t .  
Present -day  je t  a i rc raf t  exper ience  per formance  penal t ies  
with  2000-f t   ver t ical   separat ions.   Various  values   have  been 
d i s c u s s e d  f o r  v e r t i c a l  s e p a r a t i o n  r e q u i r e m e n t s  a t  SST a l t i t u d e s ,  
of  which 5000 f e e t  i s  r ep resen ta t ive .  
Pro jec t ing  the  cur ren t  enroute  conges t ion  to  the  SST a i r  
t r a f f i c ,  l e t  us  examine the performance problem for typical SST 
f l i g h t .  F i g u r e  A-1 presents   the   spec i f ic   range   (nmi / lb   fue l )  
fo r  an  SST on in t e rcon t inen ta l  mi s s ions ,  as a func t ion  o f  a l t i t ude  
and total   a i rcraf t   weight .   These  curves   were  obtained from 
information prepared by Boeing f o r  t h e  B2707-100 design and 
presented  in  Reference  29.. The s p e c i f i c  r a n g e  c h a r a c t e r i s t i c s  
w i l l  change as the design of t he  Boeing SST i s  modified. But 
t he  e f f ec t  o f  t he  ve r t i ca l  s epa ra t ion  s t anda rds  on the-performance 
should be t y p i f i e d  by t h e  e f f e c t s  i l l u s t r a t e d  h e r e .  
In Figures A-la and b ,  t he  spec i f i c - r ange  h i s to ry  i s  
shown f o r  two hypothe t ica l  miss ions  opera t ing  under  e i ther  
2 ,000-f t  o r  5 ,000-f t  separa t ion  s tandards .  We w i l l  consider  
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a l t e r n a t e  f l i g h t  l e v e l s  s t a r t i n g  a t  60,000 f t ,  which, f o r  
argument sake,  w i l l  be  designated as "eastbound." Between 
a l te rna te  eas tbound f l igh t  leve ls  would be  in t e r spe r sed  a l t e rna te  
"westbound" f l i g h t  l e v e l s .  The problems  would  be similar f o r  
a i r c r a f t  u s i n g  westbound f l i g h t  l e v e l s ,  d i f f e r i n g  o n l y  i n  
d e t a i l s ,  s o  we w i l l  r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  e a s t b o u n d  
a i r c r a f t .  The a i r c r a f t  i s  assumed t o  have a taxi  weight  of  
675,000 l b s .  It reaches  the  c ru ise  a l t i tude  wi th  a weight  of 
about  570,000 l b s .  To simplify  the  performance  analysis,   only 
t h e  f u e l  consumed i n  l e v e l  f l i g h t  w i l l  be  computed,  and not  the  
f u e l  consumed in  cl imbing between f l ight  levels .  
Figures A-la and b show the  spec i f i c  r ange  h i s to ry  fo r  
a i r c r a f t  i n i t i a l l y  c l e a r e d  f o r  s u p e r s o n i c  c r u i s e  a t  6 0 , 0 0 0  f t  
and having no cruise  res t r ic t ion on sonic  boom. The sonic  boom 
a t  s e a  l e v e l  would be 1.88 p s f .  I n i t i a l l y  a t  c r u i s e ,  t h e  a i r -  
c r a f t  a r e  a t  t h e  best- c r u i s e  a l t i t u d e .  A s  t h e  f u e l  i s  consumed 
the  spec i f ic  range  decreases .  The a i r c r a f t  would continue a t  
60,000 f t  u n t i l  t h e  s p e c i f i c  r a n g e  a t  the next  higher  eastbound 
a l t i t u d e  would be as favorable .  A t  t h i s  t i m e ,  t h e  a i r c r a f t  
operating under the 2,000-ft  separation standard,  Figure A - l a ,  
would, hopefu l ly ,   be   c leared   for   64 ,000   f t ,   e tc .  The a i r c r a f t  
operating under the 5,000-ft  separation standard would continue 
f u r t h e r  a t  60 ,000-f t  f l igh t  leve l  un t i l  the  spec i f ic  range  
matches the value a t  70,000 f t ,  a t  which t i m e  i t  would,  desir-  
ab ly ,  be  c leared  to  70 ,000  f t .  
A - 4  
The cruise perfonnknce for the 2,000-ft  and 5,000-ft  
separa t ions  i s  compared in  Figure A-2.  Here t h e  f u e l  consumed 
in  b e s t - c r u i s e - a l t i t u d e  f l i g h t  i s  taken as a s tandard,  and the 
a d d i t i o n a l  f u e l  r e q u i r e d  f o r  t h e  l a y e r e d  f l i g h t  l e v e l s  i s  p lo t -  
t ed .  It i s  seen here  tha t  cons iderably  more f u e l  i s  burned with 
the 5,000-f t  separat ion s tandard than with the 2,000-f t  s tandard.  
I f , .  i n  add i t ion ,  a sonic  boom r e s t r i c t i o n  of 1 .7  psf i s  placed 
on in t e rcon t inen ta l  c ru i se  cond i t ions ;  t he  fue l  pena l ty  can  
become extremely high for  the 5,000-f t  separat ion s tandard.  
The penal ty  on the  2 ,000-f t  separa t ion  s tandard  wi th  1 . 7  psf 
boom r e s t r i c t i o n  i s  much l e s s  s eve re .  
The improvement in  the  spec i f ic  range  wi th  the  reduced  
separa t ion  i s  q u i t e  c l e a r .  And, of  course,  the  assumption  has 
been made t h a t  a i r  space i s  ava i l ab le  when d e s i r e d .  I f  it is  
no t  ava i l ab le ,  as o f t en  happens a t  p r e s e n t  f o r  j e t  a i r c r a f t ,  
t hen  the  add i t iona l  fue l  r equ i r ed  goes  Up much fa s t e r  w i th  
5 ,000-f t  separa t ions .  
Th i s  b r i e f  exe rk i se  i l l u s t r a t e s  t he  pena l t i e s  t ha t  migh t  
be expected with 5000-ft  separation standards a t  SST a l t i t u d e s .  
The penal t ies  could  become higher i f  a i r c r a f t  a r e  f o r c e d  by 
conges t ion  to  fly even f u r t h e r  o f f  optimum a l t i t u d e .  
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Appendix B 
GRAVITATIONAL F I E L D  COMPENSATION 
A s  was mentioned in  Sec t ion  2 .3 ,  the  measurement  of the 
v e r t i c a l  a c c e l e r a t i o n  of the aircraf t  requires  an independent  
c a l c u l a t i o n  o f  t h e  v e r t i c a l  component  of the  Ear th ' s  g rav i ta -  
t i ona l   . f i e ld   ( s ee  Eq. 2.29). This ca lcu la t ion   requi res   an  
e s t ima te  o f  a l t i t ude ,  which w i l l  be  ca l led  %. There a re  th ree  
choices  of  quant i t ies  tha t  can  be  used f o r  g: t h e  i n e r t i a l l y  
der ived  a l t i tude ,  h i ;  the  barometr ica l ly  der ived  va lue ,  hb ;  or  
the hybrid system indication, hb. We w i l l  now examine the 
s e l e c t i o n .  
h 
The use of i n e r t i a l l y  d e r i v e d  a l t i t u d e  i s  unsa t i s f ac to ry  
because of the exponential  growth of error shown in Sect ion 2.3 
(Eq. 2 - 3 3 ) .  The use  of hb introduces  a l t imeter   system  in-  
s t a b i l i t y  f o r  c h o i c e s  o f  t h e  f i l t e r  n a t u r a l  f r e q u e n c y  t h a t  a l l o w  
con s 2 w S  . The use of  hb for  gravity  compensation allows any 
choice of wn a s  f a r  as t h e  a l t i m e t e r  s y s t e m  s t a b i l i t y  i s  con- 
cerned. Based  on a l t ime te r  sys t em s t ab i l i t y  cons ide rz t ions  
alone,  hb appears t o  be  the  1og ica l . cho ice  fo r  g rav i ty  compen- 
s a t i o n  c a l c u l a t i o n s .  
A 
2 
On the other hand, since hb combines the  low frequency 
c h a r a c t e r i s t i c s  of the barometric system with the high frequency 
c h a r a c t e r i s t i c s  of t h e  i n e r t i a l  s y s t e m ,  i t  might be expected 
A 
B - 1  
t ha t  t he  use  of h = hb  cou ld  r e su l t  i n  a be t te r  de te rmina t ion  
- A  
of  ve r t i ca l  acce le ra t ion  than  us ing  on ly  'S = hb, a t  least  i n  a 
limited  frequency  range. An inves t iga t ion  of t h i s  p o s s i b i l i t y ,  
summarized in the paragraphs which follow, shows tha t  the  use  
of h = h i s  super tor  a t  any frequency. b 
The response equation for the case where h = hb was developed 
N 
i n   Sec t ion  2 . 4 ,  giv ing   the   e r ror   equa t ion ,  Eq. ( 2 . 4 0 ) .  The 
case  where h = hb can be developed i n  a similar manner a s  
E q .  (2 .40 )  b-y using 
- A  
where  hb - h rep laces  hb - h i n  Eq. (2 .37)  . The er ror   equa t ions  
f o r  h = hb and h" = hb can  be  wr i t ten  in  the  genera l  form, using 
Laplace transform notation 
A 
Iy A 
B - 2  
where the values  of the parameters A and B are g iven  in  the  
fo l lowing  tab le .  
Iv 
h A B 
2 
hb 
n 2 %  u) 
0 
A u)2 
hb 0 2 3  w n 
A term by term  comparison  between  the two cases = hb 
N 
and h = cb shows t h a t  f o r  a l l  f r e q u e n c i e s  t h e  i n d i v i d u a l  e r r o r  
components of E q .  (B .2) are  a lways  la rger  for  the  5 = $, case.  
Therefore,  the conclusion i s  reached that  in  the design of a 
l inear second-order hybrid alt imeter which uses both barometric- 
a l l y  and iner t ia l ly  der ived  informat ion ,  the  use  of the baro- 
m e t r i c a l l y  d e r i v e d  a l t i t u d e  hb i n  t h e  g r a v i t a t i o n a l  f i e l d  com- 
p e n s a t i o n  c a l c u l a t i o n  i s  b e s t .  
Appendix C 
DERIVATION OF AIRPLANE  EQUATIONS OF MOTION 
The der iva t ion  of  the  l inear ized  longi tudina l  per turba t ion  
equations of motion for a supersonic  a i rplane in  quasi-steady 
l e v e l  c r u i s e  i s  obtained by an extension of the procedure 
used by Etkin in Section 4.14 of  Reference 30. Elevator 
displacement and thrust  control are employedto  cont ro l  a i rc raf t  
motion.  Atmospheric  disturbances  considered are hor i zon ta l  gus t ,  
v e r t i c a l  g u s t ,  ambient pressure variations, and ambient speed of 
sound v a r i a t i o n s .  The usua l  s t ab i l i t y  de r iva t ive  conven t ions  
a re  used  as found i n  NASA and r e c e n t  l i t e r a t u r e .  However, it 
has  been necessary to  der ive effects  of  pressure and speed of 
sound v a r i a t i o n s .  An example  of t h e  d e r i v a t i o n  o f  t h e s e  e f f e c t s  
i s  given below for forces in the z- direction. (See Fig.  C.  1 
fo r  s t ab i l i t y  axes  conven t ions ) .  
Consider the incremental  force AZ i n  t h e  2 - d i r e c t i o n  f o r  
small per turba t ions  of  the  var iab les  
AZ = Zuu + Zww + ZGfi + Z q + Z 6, + ZTT + Z p + Z a a  
4 6, P 
(C. 1) 
The fo rce  ba l ance  fo r  i n i t i a l  s t eady  state w i t h  z e r o  i n i t i a l  
p i tch  angle  (eo = 0) i s  
Zo + mg = 0 
c - 1  
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The equation of motion in the  z -d i r ec t ion  i s  
z0 + AZ + rng = m(G - Uoq) (C.3) 
Now def ine  the  nondimens iona l  force  coef f ic ien t  in  the  z -d i rec t ion ,  
C,(a, M) , so t h a t  
1 2 z = cz 7 p m v  s 
It i s  assumed the  coef f ic ien ts  a re  only  func t ions  of angle of 
a t t ack  and Mach number.  Using the  pe r fec t  gas  r e l a t ions ,  one 
can wri te  
The p a r t i a l  of Z w i t h  r e s p e c t  t o  p, then becomes 
The p a r t i a l  o f  Z w i t h  r e s p e c t  t o  a becomes 
= (2CL + M C d  
The o t h e r  p a r t i a l s  i n  E q .  (12.1) are  s imilar ly  developed fol low- 
ing Ttkin.  
c - 3  
The x-direction equation and moment,equation are der ived 
i n  a similar manner. The system of  these three equat ions can 
be  written in  matrix form using Laplace transform notation with 
the  Laplace  var iab le  s 
where u ,  w = reduced  a i rp lane  ve loc i ty  per turba t ions  
8 = pi tch-angle  per turba t ion ,  rad  
"
b e  = e leva tor  angle  per turba t ion ,  rad  
= reduced  thrus t  per turba t ion  
uw, ww = reduced wind ve loc i ty  pe r tu rba t ions  
"
- 
p = reduced ambient pressure perturbation 
a = reduced ambient sound speed perturbation 
- 
Coef f i c i en t s  a ( s )  and b(s)  are l i s t e d  below together with 
necessary  auxi l ia ry  equat ions .  
all = - TI; 0 s - cx 
U 
a12 = -C 
xa 
aZ1 = 2CL - Cz 
U 
c - 4  
c - 5  
I 
Appendix D 
PRESENTATION'OF  FINAL EQUATIONS 
To complete  the system of  equat ions necessary to  calculate  
f l i g h t  t e c h n i c a l  e r r o r ,  i t  i s  necessary  to  spec i fy  an  a l t i tude  
r e l a t ionsh ip  to  the  equa t ions  of motion and a se t  of con t ro l  
equat ions.  
The a l t i t u d e  r a t e  of the  a i rp lane  i s  given by the  l inear ized ,  
small-angle approximation 
sh = Uoe(S) - W ( S )  (D.1) 
The a l t i t ude  o f  t he  a i rp l ane  i s  related to  the displacement  
Ah of the   i sobar ic   sur face  from i t s  standard-atmosphere a l t i -  
tude ho and the airplane displacement Ah from the isobaric  
sur face  by E q .  ( 2 . 8 )  
I 
h = ho + AhI + Ah 0 . 2 )  
For  most of the  ca lcu la t ions ,  the  d isp lacement  of the  i sobar ic  
sur face  i s  not included, s o  in  these  cases  AhI = 0. 
The ob jec t ive  of the control  system i s  t o  minimize the 
displacement of the airplane from the isobaric surface,  that  
i s  reduce Ah. The control  system  has  already  been  discussed 
i n  Chapter 3 ,  so  only  the  equat ims  will be presented here., in 
their  Laplace transform form. 
The e l eva to r   con t ro l   equa t ion ,  Eq. (3.1), i s  wr i t t en  
D - 1  
The  form  of  the  compensation, Eq. ( 3 - 2 ) ,  is 
where 
The  hybrid  altimeter  equation, Eq.  ( 2 . 3 9 ) ,  is 
2w 2 
AhI(S) + (z S + 1 + +)(U)hb(S) 
mn "' n 
Combining  the  above  four  equations  gives  the  elevator  con- 
trol  equation, Eq.  (3 .3 )  
where  the  expressions  for G 8 ( s ) ,  HAh(s), etc.,  are  given by 
S -2 - 2 u), -2 
H (s)  = 
3 
AhI (F2.+ 2s; + 1 ) ( 7 S  + 1) 
u) - 
where s = - , w S  = - 
u)n 
s -  s -  
y T = T %  
The thrus t  cont ro l  equat ion ,  E q .  ( 3 . 4 ) ,  i s  
where the expression for  KT(s)  i s  
(D. 10) 
(D. 11) 
(D. 12) 
(D. 1 3 )  
(D. 14) 
and K T ( s )  represents  the engine and throt t le  lag and engine 
control compensation. 
The e f f e c t s  o f  two types of  a tmospheric  pressure var ia t ions 
a re  s tud ied :  (1) t h e  v e r t i c a l  v a r i a t i o n  due t o  t h e  v e r t i c a l  
pressure gradient  (ap /az) and (2)  ho r i zon ta l  va r i a t ions  due 
to   the  ver t ical   d isplacement   of   the   isobaric   surfaces .   These 
a re  both  s tudied  us ing  Eq. (2 .8)  and Eq. (2.10)  giving 
atm 
(D. 15) 
Noting t h a t  po and h a re  cons t an t  fo r '  c ru i se  in  the  a l t i t ude -  
hold mode, and using the t ra jectory equat ion,  E q .  ( D . l ) ,  one 
obta ins  
0 
(D .  17) 
The elements of t he  A ( s )  and B ( s )  m a t r i c e s  a r e  l i s t e d  below. 
All  = all - S b K T 1 2  T 
D - 5  
B25 h 2 1  6, (U)hb = S b  K H 
B26 = 'hb2IK6 e H(u)hi 
B34 = b36 - STb32KT 
B35 h 31 6e (U)hb = S b  K H 
D - 6  
D - 7  
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SYMBOLS 
a 
aD 
b l ' b 2  
C 
C 
P 
D 
E 
f 
I 
sf. 
A f C  
f D  
f H  
G 
- G 
AG 
GD 
acce lerometer  sca le  fac tor  uncer ta in ty  mat r ix  
ambient speed of sound, f t / s e c  
speed of sound perturbation, f t /sec 
nondimensdonal perturbation a a '  
e f f e c t i v e  v e r t i c a l  component of t he  sca l e  f ac to r  
uncer ta in ty  
parameter  in  probabi l i ty  dens i ty  equat ion  of  gus t  
v e l o c i t y  i n  n o n s t o m  and s torm,  respect ively,  f t /sec 
wing reference chord, f t  
p re s su re  coe f f i c i en t  
d i f f e r e n t i a l  o p e r a t o r  d / d t  
p roduct  of  ear th ' s  mass and un ive r sa l  g rav i t a t iona l  
cons t an t ,   f t 3 / sec2  
s p e c i f i c   f o r c e ,   f t / s e c  
acce le ra t ion  measurement e r r o r ,  f t / s e c  
2 
2 
.. 
acce lerometer  uncer ta in ty ,  f t / sec"  
cen t r i fuga l  acce le ra t ion  compensa t ion  e r ro r ,  f t / s ec  
v e r t i c a l -   s p e c i f i c   f o r c e  component , f t / s e c  
2 
2 
uncer ta in ty  of t he  e f f ec t ive  ve r t i ca l  acce le romte r ,  
f t l s e c 2  
h o r i z o n t a l  s p e c i f i c  f o r c e ,  f t / s e c  2 
v e r t i c a l  component of 5he e l l i p t i c a l  e a r t h  g r a v i -  
t a t i o n a l  f i e l d ,  f t / s e c  
accelerat ion due t o  g rav i ty ,  32.2 f t / s e c  
g r a v i t a t i o n a l  f i e l d  a c c e l e r a t i o n ,  f t / s e c  
g rav i ty  anomoly, f t / s e c  
v e r t i c a l  component  of  the  grav i ta t iona l  f ie ld ,  f t l sec  
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2 
2 
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s - 1  
h 
hB 
hb 
h 
hb 
hb 
' hb h 
Is hb 
A h I  
hO 
I 
a l t i t u d e  o f  a i r p l a n e  mass c e n t e r ,  f t  
a l t i t u d e  d e v i a t i o n ,  h - ho, f t  
a l t i tude  de te rmined  by a perfect  barometr ic  system, f t  
a l t i tude  de te rmined  by barometric sys t em,  f t  
unce r t a in ty  in  a l t i t ude  de t e rmined  by the barometr ic  
s y s t e m ,  f t  
a l t i tude  de te rmined  by hybrid system, f t  
hb - h 
Ec 
hb - h 
hb - ho 
ac tua l  d i s t ance  of i s o b a r i c  s u r f a c e ,  (a t  pressure  po) 
above ho , f t  
a l t i tude  de te rmined  by i n e r t i a l  s y s t e m ,  f t  
u n c e r t a i n t y  i n  a l t i t u d e  d e t e r m i n e d  by i n e r t i a l  
system, f t  
d e s i r e d  a l t i t u d e ;  t h i s  a l t i t u d e  c o r r e s p o n d s  t o  a 
nominal  pressure of p for  an atmosphere that  exact ly  
matches standard atmogpheric tables,  f t  
i d e n t i t y   m a t r i x  
s - 2  
=Y 
J 
L 
L 
bL 
L /D 
M 
m 
P, P, 
PO 
P' 
- 
P 
P ( 0 )  
pitch  plane  moment of inertia,  slug-ft 2 
ellipticity  constant 
integral  scale  of  turbulence,  ft 
geographic  latitude,  rad 
latitude  estimation  error,  rad 
tail  moment  arm,  ft 
thrust  moment  arm  about  center  of mass, positive 
pitch up, ft 
lift/drag  ratio 
mach  number,  Uo/a 
airplane  mass,  slugs 
ambient  pressure,  force-lb/ft 2 
nominal  pressure  at  altitude  h  from  standard 
atmospheric  tables , force-lb/f?2 
pressure  perturbation,  force-lb/ft 2 
1 
nondimensional  perturbation P 
probability  density  of  rms  gust  velocity u 
pl(u)  ,p2(o) probability  density  function p(0) during  nonstorm 
and storm,  respectively 
s - 3  
PO'P1¶P2 
9 
r 
.. - r 
rL 
'1 
rO 
S 
probabi l i ty  of  encounter ing,  smooth a i r ,  nonstorm 
or s torm,  respect ively 
pLtch r a t e ,  4,  rad /sec  
f ree  s t ream dynamic pressure ,  7 pV , f o r c e - l b / f t  1 2  2 
dis tance  from E.arth c e n t e r ,  f t  
i n e r t i a l l y  r e f e r e n c e d  a c c e l e r a t i o n ,  f t / s e c  2 
rad ius  of curva ture  in  mer id ian  p lane ,  f t  
radius  of  curvature  in  co-meridian plane,  f t  
magnitude of the  geocen t r i c  ea r th  r ad ius  a t  t he  
point  below t h e  a i r c r a f t ,  f t  
wing p l an  a rea ,  f t "  
Laplace  t ransform  var iable  , sec  -1 
a l t ime te r   con t ro l   ga in  , r ad / f  t 
t h r o t t l e  c o n t r o l  g a i n  
elevator  servo gain,  sec 
th rus t  pe r tu rba t ion ,  fo rce - lb  
nondimensional perturbation - T 
9 s  
s t e a d y  c r u i s e  v e l o c i t y ,  f t / s e c  
s c a l a r  components of Vc , f t  /sec 
s - 4  
UW ww 
u ‘ , W  w w  
A 
V 
W 
a 
v 
6e 
€ 
E 
5 
per turba t ions   o f  U ,  W ,  f t  /sec 
nondimensional  perturbations - - U W 
uo uo 
x-component of wind ve loc i ty ,  pos i t ive  toward  
a i r c ra f t , ,  and  z-component of  wind v e l o c i t y ,  p o s i t i v e  
upward, f t  /sec 
per turba t ions  of  Uw,Ww 
nondimensional  perturbations - - uW wW 
uo ’ uo 
ve loc i ty  vec to r  o f  a i rp l ane  mass c e n t e r  r e l a t i v e  
t o  e a r t h - f i x e d  c o o r d i n a t e s ,  f t / s e c  
scalar magnitude of Vc, f t / s e c  
a i rp l ane  g ross  we igh t ,  l b  
s t a b i l i t y  c o o r d i n a t e s  f i x e d  on a i r c r a f t  mass cen te r ;  
forward along fuselage axis and downward, respec- 
t i ve ly  ( see  F ig .  D - l ) ,  f t  
angle  of  a t tack ,  rad  
r a t i o  o f  s p e c i f i c  h e a t s  o f . a i r ,  1 .4  
e leva tor  angle  from equi l ibr ium,  pos i t ive  sur face  
downward, r a d  
t h r u s t  o f f s e t . a n g l e ,  p o s i t i v e  t h r u s t  up, rad 
t ransformat ion  e r ror  angle ,  rad  
second-order f i l t e r  damping r a t i o  
s - 5  
0 
A 
h 
P ,  P, 
OA h 
7 
n 
u) 
u) n 
u) S 
temp era t u r  e , OC 
wing sweep, deg 
c e l e s t t a l  l o n g i t u d e ,  r a d  
longi tude  es t imat ion  e r ror ,  rad  
ambient  densi ty ,  s lugs/f t  2 
r m s  a l t i t u d e  d e v i a t i o n  from isobar ic  sur face ,  f t  
n”LS l ong i tud ina l  gus t  ve loc i ty ,  and rms v e r t i c a l  
gus t   ve loc i ty  , f t  /sec 
time constant of barometric system, sec 
turbulence  spec t ra  for  longi tudina3  and t ransverse  
components , r e s p e c t i v e l y ,  ( f t / s e c )  / ( r a d / f t )  
r’educed  frequency, - , r a d / f t  IJJ 
uO 
rad ia l  f requency ,  rad /sec  
second-o rde r  f i l t e r  undamped na tura l  f requency ,  
rad/sec 
Schuler  radial  f requency,  (%) ’”, rad /sec  
r 
S - 6  
